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Abstract

The particle immersed in a fluid (hereafter called as a “tracer”) shows Brow-
nian motion due to the collisions of surrounding fluid molecules. The Brow-
nian motion is often written by the Langevin equation, which is the coarse
grained description and has the limited applicability. When we focus on the
short time scale where the number of collision between the tracer and fluid
molecules is not sufficiently large, the Langevin description is not valid. In
such a time scale, we have to consider the individual collisions. In this work,
we investigated the short time dynamics of the tracer in ideal gas by using
the simulations and theory from the view point of the collisions. Some parts
of the contents in this thesis have been published[1].
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Chapter 1

Introduction

1.1 Diffusion of particles in fluid

The micro or nano meter sized particle immersed in Newtonian fluid (here-
after called as a “tracer”) shows the diffusive motion in the long time scale
where the number collisions between the tracer and fluid molecules is suffi-
ciently large[2]. In such a time scale, the displacement of the tracer ∆r and
the time t have the linear relation as

〈∆r(t)2〉 = 6Dt (1.1)

where the 〈· · · 〉 is the equilibrium statistical average and D is the diffusion
coefficient. The D is related to the fluid viscosity as

D =
kBT

6πησ
(1.2)

where kB is the Boltzmann constant, T is the temperature, η is the viscosity
and σ is the size of the tracer. This relation is called the Stokes Einstein
relation [3]. From this relation, we can understand that the dynamics of the
particle and fluid property has the strong relation. This relation is simple
and widely used in the physics, chemistry and engineering etc.

However, the Stokes-Einstein relation can be used only for the diffusive
dynamics. If we see the ballistic motion of the tracer, the displacement of
the tracer is proportional to the square of the time [4, 5, 6] and the Stokes-
Einstein relation does not describe such a behavior.

1.2 Langevin equation

If we see the dynamics of the tracer including the ballistic motion the Langevin
equation is useful. In this section, we introduce the brief property and the
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limit of applicability of this equation.
The dynamics of the tracer and all the fluid molecules are completely

determined by the initial positions and velocities of the tracer and all the
fluid molecules via the Hamiltonian if the dynamics obeys the classical me-
chanics (if we consider the quantum effects, the dynamics is not completely
determined because of the uncertainty principle between a position and a mo-
mentum). However, the analysis of all the degrees of freedom of the tracer
and all the fluid molecules are generally difficult. In the situation where we
are interested only in a partial degree of freedom, coarse graining methods
are often useful. If we only see the dynamics of the tracer, the generalized
Langevin equation (GLE) for the coarse-grain for the degrees of freedom of
the fluid molecules is widely used [7, 8, 9].

M
d2R

dt2
= −

∫ t

−∞
K(t− t′)

dR(t′)

dt′
dt′ +W (t) (1.3)

where M is the mass of the tracer, R is the tracer position, Γ is the fric-
tion coefficient kernel considering the relaxation of the fluid and W is the
Gaussian noise. This Gaussian noise is justified by the central limit theorem
when the number of the collisions between the tracer and fluid molecules is
sufficiently large.

Meanwhile, when we focus on the short time scale where the fluid molecules
does not collide with the tracer many times, the Gaussian noise approxima-
tion can not be justified. If the GLE works, the distribution of the dis-
placement is Gaussian because the GLE is a linear equation and the noise is
Gaussian. In contrast to this, the noise is non-Guassian if the displacement
is non-Gaussian. Thus, we can check the validity of the Gaussian approxima-
tion by analyzing the Gaussianity of the displacement. Rahman studied the
dynamics of the Lennard-Jones fluid by the simulation and showed that the
distribution of the displacement of the constituent particles is non-Gaussian
in the short time scale[10]. Yamaguchi and Kimura studied the dynamics
of the tracer in the dilute hard sphere gas by the Monte Carlo method and
showed that the displacement of the tracer is non-Gaussian in the short time
scale[11]. In contrast, Montgomery showed that the Langevin description
can be justified even for the short time dynamics of the tracer in a limited
case[12]. Namely, for the case where the tracer mass is sufficiently large and
the gas is dilute, the Boltzmann equation can be expanded in terms of the
mass ratio and the Fokker-Plank equation corresponding to the Lengevin
equation can be derived. Therefore, we do not blindly use the GLE for the
dynamics of the tracer in the short time scale except for the limited case. In
the short time scale, we have to consider the individual collisions between
the tracer and the fluid molecules.
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1.3 Kinetic theory of gases

If we consider the dynamics of the tracer from the collision picture, the kinetic
theory[13, 14, 15] is useful. The kinetic theory is one of the most developed
area in the statistical physics. This theory provides the several frameworks
to analyze the diffusion constant, viscosity, thermal conductivity, etc.

Although the gas kinetic theory is powerful, this has the limitation of
the applicability. The gas kinetic theory treats the phase space distribution
function of the particles. To understand the dynamics of a particle (or a
tracer) in the fluid, we have to obtain the one-body distribution function
from the Liouville equation of the N-body distribution function by integrat-
ing all degrees of freedom other than the particle of interest. This integra-
tion can be done formally, but since the results are not closed only in the
one-body distribution, we can not proceed to the specific calculations. In
other words, we need (n + 1)-body distribution to get the n-body distribu-
tion. This is called the BBGKY (Bogoljubov-Born-Green-Kirkwood-Yvon)
hierarchy[16, 17, 18]. To overcome the difficulty of the calculation due to the
BBGKY hierarchy, the density expansion methods are employed[16]. This
methods can reduce the 2-body distribution function to the functional of
the two 1-body distribution functions in a low density limit, then this is the
derivation of the Boltzmann equation (Boltzmann derived this equation by
a phenomenological consideration[19]). In an operation of the reduction of
the 2-body distribution function, since the static and dynamics correlations
are usually eliminated, the Boltzmann equation can be justified only for the
dilute fluid.

Enskog extended the Boltzmann equation to deal with non dilute fluid
by incorporating the static correlation[15]. His approach succeeded for the
moderately dense fluids with packing fraction less than 30% to describe the
transport coefficient such as the diffusion constant or viscosity. However, for
higher density cases, Enskog theory fails because dynamic correlation of the
collisions between the fluid particles which is not considered in the theory
significantly affects the dynamics of the particles [20].

Thus, the kinetic theory provides the useful ways to analyze the dynamics
of tracer or fluid particles. However, such a theory does not work for the dense
system in which the dynamic correlation is dominant.
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1.4 Stochastic process of the molecular dy-
namics

Not only the kinetic theory but also the stochastic process has been utilized
for the description of the dynamics of the tracer in fluids. Lindenberg and
Cukier [21] analyzed the dynamics of the hard sphere tracer in low, inter-
mediate and high density fluids by using the stochastic point process. They
incorporated the complex correlations due to the particle interactions into
the distribution of the free time between the collisions by the phenomenologi-
cal considerations and reproduced the characteristic behaviors of the velocity
autocorrelation function of the tracer for the low, intermediate and high den-
sity fluids. However, the time interval distributions that they introduced are
not valid. Actually, Taloni et al. [22] showed that the distribution of free
time is almost exponential by using the hard core simulations, even if the
fluid density is high.

Burshtein and Krongauz [23] analyzed the velocity autocorrelation func-
tion of the tracer in dense hard sphere fluids in the short time scale and pro-
posed the several phenomenological theories to descrive the negative velocity
correlation typically seen in high density fluids. Although thier theories can
reproduce the characteristic behavior of the velocity autocororrelation func-
tion, the various assumptions for the collision statistics in the theories are
not validated.

Actually, the stochastic process methods is useful for the descreption of
the hard sphere dynamics, the collision statistics employed in the theory
should be charefully chosen.

1.5 Purpose and constitution

As we explained above, the short time dynamics of the tracer in a dense fluids
is not fully understood. The difficulty of the dynamics is due to the dynamic
correlation cased by the particles interctions. To tackle this problem, we
consider that the dynamics of the tracer in a relatively simple system should
be understood. In this study, we investigate the short time dynamics of the
tracer in the ideal gas composed of the point masses.

In chapter 2, we explain the methods of the simulation and check the
varidity of our sysytem for the mechanics and statistical mechanics. In chap-
ter 3, we analyze the dynamics of the tracer in ideal gas in 3 dimensions by
using the simulations. In this chapter, we show the dynamics of the tracer
can exhibits non-trivial behavior even in the ideal gas system and such a
behavior is caused by the correlated collisions. In chapter 4, we analyze the
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statistics of a single collision between the tracer and an ideal gas particle by
the theory to describe the results related to the single collision in the chapter
3. In chapter 4, based on the pictures obtained in the chapters above, we
analyze the dynamics of the tracer in ideal gas in 1 dimension by the theory.
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Chapter 2

Method of simulation

In this work, we analyze the dynamics of the tracer focusing on the collisions.
The method solving the equation of motion[24, 25] can not strictly detect the
collisions between the particles. Thus, we employ the hard core simulation
methods which is event driven type one developed by Alder[26].

2.1 Simulation setting

We introduce a tracer particle of size σ and mass M and N ideal gas particles
of size 0 and mass m into the simulation box with the periodic boundary
conditions in d dimensions. The side length of the simulation box L was
chosen by the number density ρ so that L and ρ satisfy the relation Ld =
N
ρ + πd/2

Γ( d2+1)

(
σ
2

)d
, where the second term is the volume of the tracer in d

dimension. Then, we define the volume of the simulation box Ld as V .
The initial positions of the tracer and gas particles are uniformly distributed
without overlap between the tracer and gas particles. The initial velocities of
the tracer and gas particles obeys the Maxwell-Boltzmann distribution. We
subtracted the constant vector from the velocities of tracer and gas particles
to realize that the momentum of the system becomes 0 and multiplied the
constant to the all velocities to realize the kinetic energy of the system become
(N+1)dkBT , where kB is the Boltzmann constant and T is the temperature.
In this system, the parameters which characterize the system can be reduced
only to M and ρ by choosing m, σ and kBT as units in the thermodynamic
limit (L → ∞ and N → ∞ for fixed ρ). In the simulation, since the analysis
is performed in the finite yet sufficiently large system in which the system
size does not affect the results, the parameters in the simulation is practically
M and ρ. The system size effect is discussed in the following section.

In our system, the mean free path of the ideal gas particles exceed the
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size of the simulation box. In this case, the tracer and the gas particle in the
mirror image sometimes collide earlier than those in the simulation box. Due
to such a type of the event, the calculation of the dynamics fails if we use
the conventional hard core algorithm[26]. To solve this issue, we modified
the algorithm as below.

1. Calculate the minimum time when the gas particle in the mirror image
possibly collides t′min. That is, we analyze the max relative speed be-
tween the tracer and ideal gas particle Vmax and calculate the minimum
time as t′min = L−σ

2Vmax
.

2. Find the gas particles which approaches to tracer by using the relation
below.

(R− ri) · (V − vi) < 0 (2.1)

where R and ri are the positions of the tracer and i-th gas particle and
V and vi are the velocities of the tracer and i-th gas particle. If the
condition (2.1) is satisfied, the i-th particle possibly collides with the
tracer.

3. For the gas particle which satisfies the condition (2.1), we test whether
the particle collides with the tracer by the condition below

σ2 > r2ti −
(
rti ·

vti

vti

)2

(2.2)

where rti and vti are the relative position and the velocity between the
tracer and i-th gas particle defined as rti = ri−R, vti = vi−V . Then,
we define the right hand side of the equation (2.2) as b2ti.

4. For the gas particle which satisfies the condition (2.2), we calculate the
time when the tracer and i-th gas particle collides ti by the following
equation

ti = − 1

vti

[
rti · vti

vti
+ (σ2 − b2ti)

1
2

]
(2.3)

and find the gas particle that collides with the tracer in the shortest
time ti.

5. If t′i is smaller than ti, evolve the position of all particles for the period
of t′i and back to the step 2, otherwise go to the next step.

9



6. Evolve the positions of all particles for the period of tmin.

7. Evolve the velocity for the tracer and colliding gas particle by the
following collision rule based on the hard core interaction as

V ′ =V +
2m

m+M
(vi − V ) · r̂r̂ (2.4)

vi =v − 2M

m+M
(vi − V ) · r̂r̂ (2.5)

where V and V ′ are the velocities of tracer before and after the col-
lision, v and v′ are the velocities of gas particle before and after the
collision and r̂ is the unit vector from the center of tracer to the gas
particle on the collision.

8. Go back to the step 1 and repeat.

We use the data after 1 million collisions occur so that the history of the initial
setting of the simulation does not affect the results. From the simulation
setting, we calculated the dynamics of the tracer in the ideal gas.

2.2 Validity of simulation

In this section, we checked the conservation law related to the classical me-
chanics and the basic property related to the equilibrium statistical mechan-
ics for our simulation in the following subsections.

2.2.1 Conservation law of classical mechanics

In the hard core and event driven type simulation scheme employed in this
work, the velocities of the tracer and gas particles are changed by the collision
conserving the momentum and the kinetic energy. Since the time evolution
of the system is the successive ballistic motion and the velocity changes
between the tracer and gas particles, the momentum and kinetic energy of
the system are not changed for the time evolution. In our system, we set
the initial momentum of the system psum(0) defined by psum(0) = P (0) +∑

i pi(0) as 0 and the initial averaged kinetic energy per particle Eave(0)
defined by Eave(0) =

1
N+1 (MV 2(0) +

∑
i mv2

i (0)) as 1. These values have to
keep the initial value for the time development. To check the conservation
laws, we plot the time evolution of Eave(0) and psum in the 3 dimensions in
Figure 2.1. From Figure 2.1, we found that the Eave(0) decreases and psum

fluctuate for the time development, although the variations of quantity are

10



Figure 2.1: Time development of the averaged kinetic energy per particle Ēk

and momentum of the system psum in 3 dimensions.

rather small compared with the results shown in following chapters. These
changes would be due to the numerical errors and inevitable in the numerical
simulation. Thus, we can say that our simulation satisfies the conservation
law of mechanics in the range of the numerical errors. Also since the changes
of Eave(0) and psum are rather small, these would not affect the results shown
in the following chapters.

2.2.2 Check of basic equilibrium property

In this subsection, we check the velocity distribution of the tracer and the
structure of the gas particles around the tracer. In the equilibrium state, the
velocity distributions of tracer and gas particles obey the Maxwell Boltzmann
distribution as follows,

PMB(M,V ) =N exp

(
−MV 2

2kBT

)
(2.6)

PMB(mi,vi) =N exp

(
−miv2

i

2kBT

)
(2.7)

where V is the velocity of the tracer and vi is the velocity of i-th gas particle.
From the distribution of the tracer described by equation (2.6), we obtain the
distribution of the speed of the tracer |V | = V 2

x + V 2
y + V 2

z in 3 dimensional
system as

PMB(M, |V |) = 4π|V |2
(

M

2πkBT

) 3
2

exp

(
−M |V |2

2kBT

)
(2.8)

11



We compare the speed distribution of the tracer from the simulation with the
equation (2.8) in figure 2.2. From this figure, the tracer speed in our system

Figure 2.2: The velocity distribution of the tracer with the Maxwell Boltz-
mann distribution (MB distribution) in 3 dimensional system.

satisfies the Maxwell Boltzmann distribution.
We also analyzed the radial distribution function around the tracer(RDF).

In general, analytical calculation of RDF for fluids is rather difficult. To cal-
culate the RDF, the various approximations have been employed[27]. Mean-
while, in a few cases, exact expression of RDF can be obtained such as ideal
gas or one-dimensional system cases[28]. Also in our system, the RDF can be
obtained analytically because of the non-interacting nature of gas particles.

To calculate the RDF, we first analyze the partition function of the system
ZN . The Hamiltonian of our system H is

H(R,V , {ri}, {vi}) =
P 2

2M
+

N∑

i=1

p2
i

2m
+

N∑

i=1

U(|Rt − ri|) (2.9)

where {ri} = r1, r2 · · · rN , {pi} = p1,p2 · · ·pN , P and pi are the momentum
of tracer and i-th ideal gas particle, U is the hard core interaction between
tracer and gas particles defined as

U(r) =

{
∞ (r ≤ σ

2 )

0 (r > σ
2 )

(2.10)

From the Hamiltonian, we can calculate the partition function as follows

Zn =

∫
drtdridvtdvte

−βH (2.11)
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Since the interaction potential depends only on the distance between tracer
and fluid particle, we can reduce the partition function as follows.

ZN+1 =

(
2πkBT

M

)d/2(2πkBT

m

)Nd/2

V
(
V − π

d
2

Γ
(
d
2 + 1

)
)N

(2.12)

=

(
2πkBT

M

)d/2(2πkBT

m

)Nd/2

QN+1 (2.13)

where QN+1 is the configuration integral. The partition function(2.12) is the
same as the ideal gas case, although the tracer has the interaction between
the fluid particles. From this partition function, the thermodynamic property
is the same with the ideal gas if the system size is sufficiently large.

The 2-body density distribution ρ(2)(R,R + rj) of the tracer and gas
particle j is

ρ(2)(R, rj) =〈δ(R−R′)δ(rj − r′
j)〉 (2.14)

=
1

QN+1

∫
δ(R−R′)δ(rj − r′

j)

× exp

(
−β

N∑

i=1

U(R′ − r′
i)

)
dr′

t{dr′
i} (2.15)

=
1

V
(
V − π

d
2

Γ( d
2+1)

) exp [−βU(|R− rj|)] (2.16)

=
1

V
(
V − π

d
2

Γ( d
2+1)

) exp [−βU(rj)] (2.17)

=ρ(2)(rj) (2.18)

where rj is the relative distance between the tracer and j-th gas particle as
rj = |R− rj|. From this, we can obtain pair density ρ(2) between the tracer
and ideal gas particles as

ρ(2)(r) =
N∑

i=1

ρ(2)(rj) =
ρ

V exp [−βU(r)] (2.19)

where r is the distance from the tracer. The radial distribution function can
be obtained by integration of ρ(2) by R. Consequently, we have

∫
ρ(2)(R, r)dR = ρ exp (−βU(r)) = ρg(r) (2.20)
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Figure 2.3: Radial distribution function around the tracer for M = 1 and
ρ = 1 in 3 dimensions.

Thus, we could get g(r) as exp(−βU(r)). We compare this analytical expres-
sion with the simulation results in 3 dimensions in Figure 2.3. In this figure,
we can see the almost complete agreement between the analytical expression
and the simulation result. For other parameters and dimensions, the RDF
satisfies the equilibrium property in a similar way.

From the analysis of the velocity distribution and RDF shown above,
our simulation satisfies the basic equilibrium properties. Therefore, we can
confirm our simulations are performed in the equilibrium state.

2.2.3 Estimation of time where system size affects

In many cases, molecular simulations are performed in the periodic bound-
ary conditions and these conditions cause the undesirable artifacts such
as the nonphysical sound propagation etc. for the long time dynamics of
particles[29]. In our system, because the gas particles do not interact each
other, the sound propagation does not occur. However, the artificial corre-
lation may be induced between the collisions if the tracer collides with the
same gas particle flies beyond the periodic boundaries. Below, we estimate
the characteristic time for such a event.

The number density of the tracer particle ρt is ρt ∼ 1/LD, the relative

mean speed of the tracer and gas particle v̄it is about v̄it ∼
(
kBTmM
m+M

)1/2
and

the cross section of the collision between the tracer and gas particle S is
S ∼ σD−1. From these value, we can roughly estimate the time scale of
re-collisions of the tracer and the gas particle due to the periodic boundary
condition τperi as τperi ∼

(
ρtv̄tiσD−1

)−1
. The free time of the tracer τt is about

τt ∼ ρv̄tiσD−1 and this is about N−1τperi. This means that the re-collision
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event due to the periodic boundary condition can occur in the long time scale
where the number of collisions is comparable to the number of gas particles.
Therefore, the undesired re-collision events rarely occur in the short time
scale which is focused in this work if the number of particles is sufficiently
high.

2.3 Analysis methods

The dynamics of the tracer is completely determined by the successive veloc-
ities and time intervals between the collisions. However, we can not find the
characteristic behavior of tracer dynamics by simply looking the raw data
because these data always fluctuate. Therefore, we need to calculate the
some sort of averaged value.

The basic idea characterizing the fluctuating quantity is the time corre-
lation function methods[29] as follows,

C(t) = 〈A(0)B(t)〉 (2.21)

where A and B are the arbitrary dynamic variables and 〈· · · 〉 indicates the
average for the time or ensemble. In the ergodic and equilibrium state,
the time and the ensemble averages are the same, thus we employ the time
average for calculating the various correlation functions. In general, the
correlation of A(0) and B(t) decreases as t increases, , and it will be decoupled
as below,

C(t) = 〈A(0)〉〈B∗(t)〉 = 〈A(0)〉〈B∗(0)〉 (2.22)

where we use the stationary condition in equilibrium. From equation (2.22),
C(t) approaches to 0 if A and B fluctuate around 0.

The most typical time correlation function characterizing the dynamics of
the tracer is the normalized velocity autocorrelation function (VAC) defined
as

〈V (0) · V (t)〉
〈V 2(0)〉 (2.23)

This VAC is 1 at the initial time and approaches to 0 at the long time
limit. Since the VAC is directly related to the diffusion of the tracer, it
is an important quantity[29, 14, 15]. Therefore, we analyze the VAC to
characterize the dynamics of the tracer in the ideal gas.
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The Other correlation function appeared in this work is the non-Gaussian
parameter (NGP) defined as

NGP =
3〈∆R4(t)〉
5〈∆R2(t)〉2 − 1 (2.24)

where∆R(t) is the displacement of the tracer given asR(t)−R(0). The NGP
can detect the non-Gaussianity of∆R(t). The non 0 value of NGP means the
non-Gaussianity nature of ∆R(t). Rahman used NGP and showed that the
dynamics of the constituent molecules of the argon liquid can not be written
by the Langevin equation [10]. Also, the NGP is widely used to detect the
dynamic heterogeneity of the glassy liquids[30] or the polymer solutions[31]
although the relation between the Gaussianity and heterogeneity is not fully
clear. In this work, we use the NGP to compare our ideal gas system to other
complex systems and Langevin description.
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Chapter 3

Short time dynamics of tracer
in 3 dimensional ideal gas

3.1 Introduction

When we focus on the short time dynamics of the tracer in a fluid, Langevin
description can not be used [10, 11], and we have to consider the individual
collisions of fluid molecules. If the fluid is dilute or has an intermediate
density, the individual collisions are not strongly correlated each other and
the dynamics of the tracer can be described by the Enskog theory which
incorporate the contribution of the fluid structure [14, 15, 32]. In contrast,
for the dense fluid case, the collisions are strongly correlated, and this leads
to the slow relaxation of the tracer motion. In such a case, the dynamics of
the tracer have not been fully understood, despite many simulation works
[32].

The dynamics of the tracer is strongly related to the static structure of
the fluid. The mode-coupling theory can predict the dynamics of the tracer
(or constituent particles) in some dense systems by incorporating the static
correlations[33]. Götze tested the mode-coupling theory for the super-cooled
liquids and showed that it quantitatively predicts the results of the simu-
lations and experiments[34]. Thus, the mode-coupling theory is the one of
the useful approaches for the tracer dynamics in the dense fluids. However,
the mode-coupling theory can not predict the dynamics of the tracer in the
structureless fluids because the structural information required for the theory
is missing. Frenkel and Maguire[35, 36] analyzed the dynamics of the fluid
composed of the infinitely thin hard rods by using the simulations. This
system does not have any structures, thus the static equilibrium property
is the same as the ideal gas. In this system, they showed that the dynam-
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ics of the rods can be predicted by the Enskog theory when the rods are
dilute. However, the Enskog theory fails for high density case. Such a be-
havior purely originates from the correlated collisions of rods and can not be
predicted by the mode-coupling theory. In addition to the important works
by Frenkel and Maguire mentioned above, various structureless fluids which
have the dynamic correlations have been analyzed by the simulation[37, 38],
theory[39, 40] and experiment[41]. However, the dynamics of the constituent
particles have not been fully understood for high density cases, although the
low and middle density cases are well understood.

As we mentioned above, the difficulty of the dynamics of many body-
systems arises from the dynamic correlations. If we consider the short time
dynamics of the tracer in the fluid, we have to consider the correlated colli-
sions caused by the tracer-fluid and fluid-fluid interactions. To understand
such a complicated problem, it would be informative to consider the system
which does not have the correlated collisions caused by the fluid-fluid interac-
tions. Thus, we analyze the dynamics of the tracer in the ideal gas composed
of the point masses in this work. There is a similar work considering the dy-
namics of the tracer in the fluid in which the fluid particles does not interact
each other by Zwanzig[9]. He considered the tracer tied with many linear
oscillators as the heat bath, and hi solved the tracer dynamics analytically.
This model is instructive for many-body problems, but it does not give any
insights for the correlated collisions of the tracer and fluid particles.

In this chapter, we investigate the dynamics of the tracer in the ideal gas
by using the hard sphere simulations as shown in chapter 2. The construction
of the chapter is as follows. First, we analyze the velocity autocorrelation
functions and non-Gaussianity parameter of the tracer particle by changing
the tracer mass M and number density of the ideal gas ρ. Although the gas
particles do not have the interaction each other, the non-trivial dynamics of
the tracer is observed. Second, we analyze the dynamics of the tracer by
focusing on the successive collisions between the tracer and gas particles and
identify the origin of the nontrivial dynamics of the tracer.

3.2 Results of the simulations

We show the velocity autocorrelation functions (VAC) of the tracer with
various M and ρ = 1 in Figure 3.1, together with the theoretical prediction
by so-called Enskog theory[13].

〈V (t) · V (0)〉 = 3kBT

M
exp

(
− 4m

3(m+M)
t

)
(3.1)
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The calculation methods of VAC is shown in section 2.3. The vertical and
horizontal axis are normalized by the kinetic energy 〈V 2〉 = 3kBT/M and
the mean free time τ̄ . From figure 3.1(a), the VAC of tracer decays rapidly as

Figure 3.1: (a)Velocity autocorrelation function (VAC) of the tracer changing
M for fixed number density ρ = 1.(b)Enlarged view of figure 3.1(a).

the mass of the tracer decreases, and the VAC decays to zero at the time scale
where a single collision occurs for the low mass case M ) 1. This behavior
is trivial because the velocity of the light tracer can be changed easily by a
single collision, and this leads to the rapid decay of the velocity correlation
of the tracer. Also, the Enskog theory can reproduce the VAC of tracer for
M = 1 and 100. This means that the VAC of tracer is exponential function
and this suggests that the dynamic correlation can be safely ignored. For
the low mass case M = 0.01, although the Enskog theory almost reproduces
the VAC of the tracer, we can see the minor deviation from the theory in
Figure 3.1(b). This suggests that a dynamic correlation occurs even if the
fluid particles do not interact each other.

The non-Gaussian parameter defined in equation(2.24) of the tracer with
various M and fixed ρ at 1 is shown in figure3.2. We observe the clear peaks
of NGPs for M = 0.01, 1 in the short time scale. Yamaguchi and Kimura
[11] analyzed the NGP of the tracer in the hard sphere fluid composed of
the identical particles by using the Monte Carlo simulations and reported
the peak of the NGP of the tracer occur in the short time scale. Our results
of NGP agrees qualitatively with those by Yamaguchi and Kimura. Besides,
we observe that the peak of the NGP decreases as the mass of the tracer in-
creases. This behavior means that the displacement of the tracer approaches
to the Gaussian in the high mass case. For the dynamics of the tracer at
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Figure 3.2: Non Gaussian parameter of the tracer changing M for fixed
number density ρ = 1

the short time scale, we have to consider the collision dynamics and can not
use the Langevin description. However, when the tracer mass is sufficiently
large, the Langevin equation can be theoretically derived from the Boltz-
mann equation into the expansion of the mass ratio [12]. Our simulation
results support this theory and the Langevin equation can be used for the
dynamics of the heavy tracer.

We show the VAC with various ρ and fixed mass M = 1 in Figure 3.3
with the Enskog theory. From Figure 3.3(a), the curves of VAC are roughly

Figure 3.3: (a)VAC of tracer changing ρ for fixed mass M = 1. (b)Enlarged
view of figure 3.3(a).
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the same and the Enskog theory can reproduce these behaviors. However,
for the high density case (ρ = 100), we observed the minor negative velocity
correlation in the short time scale and this VAC deviates from the Enskog
theory in Figure 3.3(b). In the Enskog theory, since the dynamic correlations
of collisions are not considered, the deviation from the Enskog theory implies
the dynamics correlation can occur even if the fluid particles do not interact
with each other. Although the negative correlation and deviation from the
Enskog theory of the VAC of the hard sphere have been reported [42], these
are not fully understood yet.

We show the NGP of the tracer with the various number density ρ and
fixed mass M = 1 in Figure 3.4. From Figure 3.3, we observe the peaks
of NGP in the short time scale for all densities. This means that the dis-
placement of the tracer is non Gaussian even when the mass of the tracer is
the same with the gas particles for all number densities. Also, we can find
that the peak of NGP increases when the number density is high (ρ = 100).
In general, the NGP can show large peaks in various systems such as the
glass[30] or polymer solutions[31] and the origin of the large peaks of the
NGP is considered to be a dynamic heterogeneity of the fluid around the
particle. However, in our system, the fluid does not have the dynamic het-
erogeneity because the fluid does not interact with each other. Thus, the
origin of the increase of the peak of NGP at high densities observed in our
system would be different from those for the glass or polymer solutions.

Figure 3.4: NGP of tracer for various ρ at fixed mass M = 1

From the results of the VAC and NGP for the various M and ρ, we found
that the behavior of the tracer is qualitatively changed by these parameters.
When the mass of the tracer is high, the behavior of the tracer can be repro-
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duced by the Enskog theory and the Langevin equation. However, when the
mass of the tracer is small, the VAC shows a negative peak and NGP shows
positive peak, and such behaviors can not be reproduced by the Enskog the-
ory or the Langevin equation. In the low density cases, the dynamics of the
tracer is consistent with the Enskog theory. However, in the high density
cases (ρ * 1), the VAC shows the negative peak and NGP shows positive
peak. The origin of such behavior is not the dynamic heterogeneity because
of the ideal gas nature of our system. Thus, we found that the dynamics
of the tracer in ideal gas is not trivial when the mass of the tracer is small
M ≤ 1 and number density is high ρ ≥ 1. In the following analysis, we focus
on such a parameter region.

We show the VAC and NGP in the region of M ≤ 1 and ρ ≥ 1 in Figure
3.5 with the Enskog theory. From this figure, we find the strong negative
peak of VAC for M = 0.01, ρ = 100, and such a behavior deviates from the
Enskog theory. The peak of the NGP is enhanced for the M = 0.01 and
ρ = 100 case. Thus, we confirm that the dynamics of the tracer in the region
of the low mass and high number density is non-trivial.

Figure 3.5: (a) VAC for various M and ρ in the ranges M ≤ 1 and ρ ≥ 1.
(b)NGP for the same ranges.
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3.3 Discussions

3.3.1 Single collision

The dynamics of the tracer in our system is the ballistic motion and the
instantly velocity change by the collisions. Thus, it would be reasonable to
focus on the collision dynamics between the tracer and gas particles.

We have found the negative VAC of the tracer occurs when the mass of
the tracer is low M ≤ 1 in figures 3.3 and 3.5(a). Below, we consider the
naive hypothesis for the negative correlations. When the tracer mass is small,
the speed of the tracer is high compared with the gas particles due to the
Maxwell Boltzmann distribution shown in equation (2.6). In this case, the
probability that the tracer has the frontal collisions with the gas particles
increases. Besides, the tracer velocity can be easily changed by the single
collision with a gas particle due to the hard sphere interaction (eq (2.4)) In
this case, the back reflection of the tracer may occur by the single collision.
To check this hypothesis, we calculated the inner product of the velocities
before and after the single collision γ1 as

γ1 =

∑
Vi · Vi+1∑

V 2
i

(3.2)

We plot this γ1 for various M and ρ from the simulation in Figure 3.6(a).
This figure shows that the γ1 does not depends on ρ. Also, γ1 approaches
to 1 for large M , and 0 for small M . The behavior of γ1 for large M is
consistent with our naive intuition because the velocity of the heavy tracer
is almost not changed by the single collision with a gas. The behavior of
γ1 for small M means that the back reflection does not occur by the single
collision. Thus, the our hypothesis above is not acceptable.

Burshtein and Krongauz[23] considered the theoretical model for the dy-
namics of the tracer in the hard sphere fluid. They calculated the VAC of
the tracer by considering the collision process and showed that there is 2
necessary conditions causing the negative VAC if the successive collisions are
independent; (1) the velocity correlation before and after a single collision is
negatively correlated and (2) the distribution of the free time between a col-
lision deviates from the exponential distribution. This theory is constructed
for the tracer in the hard sphere fluid. However, the theory can be applied
for our ideal gas system because the theory does not consider the interction
between the fluid particles explicitly. In our system, the first condition for
the negative VAC is not satisfied as shown above. Then, we consider the
necessary condition (2). We plot the distribution of the free time of the
tracer between the collisions for various M and ρ in Figure 3.6(b), with the
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Figure 3.6: (a)γ1 for various M and ρ. (b)Distribution of the free time of
tracer between collision scaled by mean free time.τ̄

exponential function. This figure shows that the distribution of the free time
is almost exponential for all parameters. Thus, the second condition for the
negative VAC is not satisfied neither.

These discussions of the velocity correlation before and after a single col-
lision and distribution of the free time suggests that the individual collisions
are not independent even if the ideal gas particles do not interact each other.
Therefore, we consider the correlated collisions in the following section. The
theoretical analysis and further discussions of the statistics of the single col-
lision are performed in chapter 4.1.

3.3.2 Correlation of collisions

The VAC of the tracer deviates from Enskog theory when M is low and
ρ is high in Figure 3.5(a). The Enskog theory considers only the static
correlation such as the structure of the fluids, and it does not consider the
dynamic correlation. Thus, the deviation of VAC from the Enskog theory
means that the dynamic correlation exists even if the fluid is an ideal gas.
Also in the discussion in section 3.3.1, we arrived at the conclusion that the
collisions can be correlated for the case where M < 1 and ρ > 1. In this
section, we analyze the correlation of collisions.

Taloni et al investigated the dynamics of the hard disk in 2 dimensions by
introducing the correlation functions for the statistical average on collisions
and showed that the correlations averaged by collisions has the similar be-
havior of the correlations averaged by time[22]. However, they analyzed only
the equal mass system in 2D, so thier results would not be directly applicable
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to our system. In the following analysis, we use the quantity introduced by
Taloni et al.

We have analyzed the correlation of the velocities before and after sin-
gle collision by introducing γ1. We generalize this quantity to analyze the
correlation of velocities before and after n successive collisions as follows.

γn =
〈Vn · V0〉coll
〈V 2

0 〉coll
(3.3)

where 〈· · · 〉coll means the statistical average over collisions. To the author’s
best knowledge, this quantity is first introduced by Taloni et al. This quantity
can be obtained in our simulation as follows

γn =

∑N
i=1 Vi+n · Vi∑N

i=1 V
2
i

. (3.4)

Although γn is similar to the VAC, the VAC is the average over the time
while γn is the average over the collision. VAC is affected by the several
multiple collisions, and we can not distinguish the contributions of different
numbers of collisions in the VAC in principle. However γn can distinguish
the contribution of different numbers of collisions. We show γn for various

Figure 3.7: γn for various M and ρ in the ranges of M ≤ 1 and ρ ≥ 1.

M and ρ in the figure 3.7. We observe that γn is the positive for M = 1.
In contrast, for M = 0.01 and ρ = 100, γn becomes negative in n ≥ 3 while
γ1 and γ2 are positive. This results suggest that the successive collisions are
correlated when M is low and ρ is high, and negative velocity correlation
is caused by 3 or more collisions. Taloni et al obtained the similar negative
value of γn for the fluid composed of the identical hard disks in 2D when the
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density of the fluid is high. However, they did not discuss the origin of the
negative correlation of γn.

We discuss the origin of negative γn which occurs after 3 collisions. For
high density cases where the mean distance between the gas particles is
smaller than the size of the tracer σ, the gas particles surrounding the tracer
would effectively form the cage for the tracer. Such a phenomenological pic-
ture is often used to explain the negative VAC in some dense systems such
as the hard sphere fluid[43], Lennard-Jones fluid[44], or granular fluid[45].
However, the cage model is rather phenomenological and does not tell us the
details of the collision dynamics. Also, the cage model does not explain the
reason why γn becomes negative for n ≥ 3. Thus, we do not employ the cage
picture to study the dynamics in our system.

Figure 3.8: γs
n, γ

d
n and γn for M = 0.01 and ρ = 100.

Here, we consider the origin for the correlated collisions. The fluid parti-
cles do not interact with each other, and this leads to the uniform distribution
of the position as shown in fig 2.3. Thus, when all the gas particles succes-
sively colliding the tracer are different, the dynamics of the tracer would be
Markovian. In such a case, the distribution of the free time is almost ex-
ponential function and negative VAC does not occur as discussed in section
3.3.1. Therefore, we naively think that the correlated collision is caused by
the collisions with the same gas particles. To confirm this hypothesis, we an-
alyze γn in detail. We decompose γn into 2 parts; self γs

n and distinct parts
γd
n. The former is the contribution in the case where the first collision and

n-th collision are caused by the same particle. The latter is the contribution
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of collisions by different particles. The explicit expressions of γs
n and γd

n is

γn =γs
n + γd

n (3.5)

γs
n =

∑N
i=1 Vi+nViδKi+1Ki+n∑N

i=1 V
2
i

(3.6)

γd
n =

∑N
i=1 Vi+nVi(1− δKi+1Ki+n)∑N

i=1 V
2
i

(3.7)

where Ki is the label of the particle i and δKiKi+n is the Kronecker delta.
The contributions of γs

n and γd
n are shown in Figure 3.8. From this figure, γd

n

is 0 for n = 1. This is obvious from the definition of γd
n (eq (3.7)). Also, γs

n

is 0 for n = 2. This is trivial from the collision rule (eq (2.4)), namely the
tracer leaves away from a gas particle after a collision, so the tracer can not
collide with the gas particle of the first collision in the second collision. The
most important feature in the figure 3.8 is the negative value of γs

n for n ≥ 3.
This behavior indicates that the negative value of γn is contributed only by
γs
n. Namely, we can say that the collision with the same gas particles is the

origin of the negative γs
n. From the discussions above, we can understand

why γn shows negative value for n ≥ 3. The correlated collisions can occur
only by the collisions with the same gas particles in our system. To collide
the same gas particles, 2 collisions are not sufficient and 3 or more collisions
are required.

3.3.3 Comparison with other simulations

Our system shows complex behavior even if the fluid is composed of point
masses which do not interact each other. In this subsection, we compare such
behavior with other works.

Mizuta et al investigated the dynamics of the fullerene particles in the
Lennard-Jones (LJ) fluid and Weeks-Chandler-Andersen (WCA) fluid with
various fullerenes with different size [46]. They showed that the dynamics of
the fullerenes in both fluids can be described by the Enskog theory only in
the very short time scale. In our result of Figure 3.5(a), the Enskog theory
can describe the dynamics of the tracer in the very short time scale where
only a single collision occurs, although the deviation is observed after the
very short time scale for small M and high ρ case. These results imply that
the correlated collisions do not affect the dynamics of the tracer in the very
short time scale regardless of the existence of the interactions between the
fluid particles.

Frenkel and Maguire investigated the dynamics of the fluid composed
of the infinitely thin hard rods by using the event driven type simulations.
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They showed that the dynamics of the hard rods can be described by the
Enskog theory for low density case where the collisions are uncorrelated. In
contrast, the dynamics of the rods deviate from the Enskog theory for high
density case because of the dynamic correlation of the rods. In such a high
density regime, Frenkel and Magurire suggested that dynamics of the rods has
the analogy with the stiff polymer and the phenomenological scaling of the
diffusion constant for the stiff polymers constructed by Doi and Edwards[47]
can describe the dynamics of the rods in the long time diffusive regime.
Hofling et al investigated the dynamics of a infinitely thin hard needle in the
fixed obstacles in 2 dimensions and showed that the diffusion coefficient of
the needle has the same scaling relation with the stiff polymers[37]. Since
our system does not treat the rod, we can not expect the analogy to the
polymeric fluids. However, the dynamics in the ideal gas in the long time
regime may be described by the simple phenomenological scaling theory like
the idealized rods models. For the short time scale dynamics, in contrast, we
would have to consider the complex collision dynamics.
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Chapter 4

Statistics of single collision in
arbitrary dimension

4.1 Introduction

In the previous chapter, we analyzed the dynamics of the tracer in an ideal
gas in 3 dimensions and found that the VAC of the tracer shows the non-
trivial behavior for low M and high ρ case. To understand such behavior, we
analyzed the individual collisions and found that the correlated collisions can
be caused after 3 or more correlated collisions. For single collision case, the
statistics of collision such as the correlation of the velocity before and after
single collision γ1 and distribution of the free time P (τ) is not affected by
the correlated collisions as discussed in subsection 3.3.1. Even in such a case,
the non-intuitive behavior was observed for γ1 for the light tracer case. In
this subsection, we consider the statistics of the single collision by the theory
and analytically calculate γ1. Before we proceed to the detailed analysis, we
introduce works related to our work.

Herman and Alder analyzed the dynamics of the tracer in a hard sphere
system and showed that the velocity autocorrelation function of the tracer
has the negative peak in a short time scale when the tracer mass is smaller
than the surrounding fluid particles[32]. They simply discussed that the
negative peak originates from the small momentum of the tracer. However,
our simulation result in figure 3.6(a) does not support their claim although
our system can not be directly compared with their system simply.

The statistics of the single collision has been studied in many works. The
distribution of the free path and time had been thought to be exponential
by a rough estimation [48]. Alder developed the hard sphere simulation and
showed the distribution of free path is roughly exponential for a widely range
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of number densities including those for solids[49, 50]. However, in a recent
work, the distribution of the free path and time are shown to be exactly the
exponential even in the low density where the molecular chaos is expected
[51, 22, 52]. Visco et. al. performed theoretical analysis by considering the
transition rate from the pre-collision velocity to the post-collision velocity
and showed that the non-exponential distribution of free path and time are
due to the existence of the velocity distribution[52]. Strictly speaking, the
conditional distribution that the tracer has a certain velocity is exponential,
but the integration of the conditional probability over the velocity leads to a
deviation from exponential. Although the theory by Visco et al. is precise,
they performed calculation only for the case of the equal mass. Therefore,
their theory can not be applied to our simulation results as it is.

In this chapter, we perform the theoretical analysis for the single collision
statistics for arbitrary tracer masses. The derivation is different from the
work by Visco et al. [52]. In our work, we first analyze the probability of
collision occurring in t ∼ t+ dt, r̂ ∼ r̂ + dr̂ , v ∼ v + dv and V ∼ V + dV ,
P (t, r̂,v,V ), where t is the colliding time, r̂ is the unit vector directed from
center of tracer and it of colliding gas particle on collision, v is the velocity
of the colliding gas particle and V is the velocity of tracer. This probability
has the all information of the single collision statistics of the tracer. From
P (t, r̂,v,V ), we calculate the γ1 and P (t). For the discussion of the γ1 and
analysis of the one dimensional system in chapter 5, we perform the analysis
of the single collision statistics in arbitrary dimensions.

4.2 Theoretical analysis

4.2.1 Single collision statistics

We analyze the probability of the first collision occurring in t ∼ t + dt,
r̂ ∼ r̂ + dr̂ , v ∼ v + dv and V ∼ V + dV , P (t, r̂,v,V ). This theory is
essentially in the same manner with the work by Visco et. al[52].

First, we consider the probability that the tracer velocity V is sampled
after a collision, Pa(V ). This probability can be obtained by considering the
collision frequency for the relative velocity of tracer and a gas particle.

Pa(V ) =
ρ
(
σ
2

)d−1 ∫
dv
∫
dr̂(v − V ) · r̂PMB(m,v)PMB(M,V )

ρ
(
σ
2

)d−1 ∫
dV

∫
dv
∫
dr̂(v − V ) · r̂PMB(m,v)PMB(M,V )

(4.1)

=
F (V )PMB(V )

Λ
(4.2)
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where F (V ) is the collision frequency under the condition of the tracer having
velocity V and Λ is the collision frequency. They are defined as

F (V ) =ρ
(σ
2

)d−1
∫

dv

∫
dr̂(v − V ) · r̂PMB(m,v)

Λ =

∫
dV F (V )PMB(M,V ) (4.3)

The analytical forms of F (V ) in 1 and 3 dimensions are

F (V ) =
ρπ
(
σ
2

)2
√
α

[(√
αV +

1

2
√
αV

)
erf(

√
αV ) +

1√
π
e−αV 2

]
(for 3d) (4.4)

F (V ) =
ρ√
α

[
√
αV erf(

√
αV ) +

e−αV 2

√
π

]
(for 1d) (4.5)

where α is defined as α = m
2kBT . Then, we calculate the probability of first

collision occurring in t ∼ t+dt, v ∼ v+dv, r̂ ∼ dr̂+dr̂ under the condition
that the tracer having velocity V , P (t, r̂,v|V ). This probability is expressed
as the product of 2 terms. One is the probability that the first collision occurs
in t ∼ dt and r̂ ∼ r̂ + dr̂ , ignoring the particle having velocity other than
v, P ′(t,v|V ).

P ′(t, r̂,v|V )dvdtdr̂

=ρ
(σ
2

)d−1

(v − V ) · r̂PMB(v)dvdr̂

× exp

(
−ρ
(σ
2

)d−1

(v − V ) · r̂PMB(v)dvdr̂t

)
dt

=ρ
(σ
2

)d−1

(v − V ) · r̂PMB(v)dvdtdr̂ (4.6)

where we can regard the exponent in (4.6) as 0 because it is the infinitesimal
value. Another is the probability that the any collisions do not occur in time
0 ∼ t for the gas particle having velocity other than v, P ′′(t|V ).

P ′′(t|V ) =

{
1−

∫
dv′
∫

dr̂

(
σ
2

)d−1
(v′ − V ) · r̂t
V

×PMB(v
′) (1− δ(v′ − v)dv)}N(1−PMB(m,v)dv)

=

(
1− F (V )t

ρV

)N

(4.7)
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where we have ignored the infinitesimal quantities. Then, we consider the
thermodynamic limit (N → ∞) and obtain the following equation.

P ′′(t|V ) =

(
1− F (V )t

N

)N

= exp(−F (V )t) (4.8)

P (t,v|V ) is the product of P ′(t, r̂,v|V ) and P ′′(t|V ), we get

P (t, r̂,v|V )dvdtdr̂

=ρad−1(v − V ) · r̂PMB(m,v) exp(−F (V )t)dvdtdr̂ (4.9)

From this, we get P (t, r̂,v,V ) as

P (t, r̂,v,V )dvdtdr̂dV

=
F (V )PMB(V )

Λ
ρad−1(v − V ) · r̂

× PMB(m,v) exp(−F (V )t)dvdtdr̂dV (4.10)

the expression (4.10) satisfies the condition of normalization as
∫

dt

∫
dv

∫
dV

∫
dr̂P (t, r̂,v,V ) = 1. (4.11)

P (t, r̂,v,V ) has the all information of the single collision statistics of the
tracer.

If we select the coordinate so that the relative velocity v − V is parallel
to ed with ei being the i-th Euclidean basis set vector (i = 1, 2, · · · d), we can
reduce the equation (4.10) in the polar coordinate as

P (t, r̂,v,V )dvdtdr̂dV

=
F (V )PMB(V )

Λ
ρad−1|v − V |r̂1 cos θ1

× PMB(m,v) exp(−F (V )t)dvdtdr̂dV (4.12)

where

r̂1 = sind−2 θ1 sin
d−3 θ2 · · · sin θd−2dθ1dθ2 · · · dθd−1 (4.13)

(0 ≤ θ1 ≤ π/2, 0 ≤ θ2, θ3, · · · , θd−2 ≤ π, 0 ≤ θd−1 ≤ 2π) (4.14)

4.2.2 Free time analysis

In this subsection, we calculate the free time of the tracer between a collision
P (τ). We can obtain P (t) from P (t, r̂,v,V ) (eq(4.10)) by integrating v, V
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and r̂. The integral of P (t, r̂,v,V ) over v and r̂ is

P (t,V ) =

∫
dv

∫
dr̂P (t, r̂,v,V ) (4.15)

=
F (V )2PMB(M,V )

Σ
exp(−F (V )t) (4.16)

This expression is equivalent to the result by Visco et al.[52] for M = m.
The integral of P (t,V ) over V is complex, thus we consider the low and

high M limit. For the large M case, the tracer speed is small compared with
the gas particles due to the nature of the Maxwell-Boltzmann distribution.
Thus, in this case, F (V ) can be reduced to

F (V ) =

{
2π

1
2α− 1

2ρa2 (3d)

π− 1
2α− 1

2ρ (1d)
(4.17)

This equation shows that the collision frequency becomes independent of the
M of the tracer for high M case. From the reduced forms of F (V ) in the
large M limit, we obtain the analytical form of the free time distributions in
one dimension and three dimensions as

P (t)dt =

∫
dV P (t,V )dt

=

{
sH3 exp(−sH3t)dt (3d)

sH1 exp(−sH1t)dt (1d)
(4.18)

where s3H is 2π
1
2ρa2α− 1

2 and s1H is π− 1
2ρα− 1

2 . For the small M case, the
tracer speed is much higher than those of the gas particles. In this case.
F (V ) can be reduced to

F (V ) =ρπa2|V | (3d) (4.19)

F (V ) =ρ|V | (1d) (4.20)

This relation indicates that the collision frequency becomes independent of
the velocities of the gas particles. This is natural because the ideal gas
behaves like fixed obstacles for the light tracer. From the reduced form of
F (V ) at the small M limit, we obtain the analytical forms of the free time
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distribution in one dimension and three dimensions as

P (t)dt

=

∫
dV P (t,V )dt

=





2sL3

[
π

1
2

(
3
4 + 3s2L3t

2 + s4L3t
4
)
es

2
L3t

2
erfc(sL3t)− sL3t

(
5
2 + s2L3t

2
)]

(3d)

2sL1
[
π

1
2

(
1
2 + s2L1t

2
)
es

2
L1t

2
erfc(sL1t)− sL1t

]
(1d)

(4.21)

where sL3 is ρπa2

2

(
2kBT
M

) 1
2 and sL1 is ρ

2

(
2kBT
M

) 1
2 .

4.2.3 Velocity correlation analysis

From the expression (4.10), we can obtain the probability that the collision
occurs in v ∼ v + dv, V ∼ V + dV and r̂ ∼ r̂ + dr̂ by the integrating it
over t as follows.

P (r̂,v,V ) =

∫
dtP (t, r̂,v,V ) (4.22)

=
ρ
(
σ
2

)d−1
(v − V ) · r̂PMB(m,v)PMB(M,V )

Λ
(4.23)

From this probability, we can calculate γ1 introduced in section 3.3.1 as
follows.

γ1 =
〈V · V ′〉coll
〈V 2〉coll

(4.24)

Here, 〈· · · 〉coll denotes the statistical average over the collisions, namely,

〈· · · 〉coll =
∫

dr̂

∫
dv

∫
dV (· · · )P (r̂,v,V ) (4.25)

If the velocities before and after a single collision are negatively correlated,
γ1 shows negative value. The explicit form of γ1 is

γ1 =

∫
dr̂
∫
dv
∫
dV (V · V ′)P (r̂,v,V )∫

dr̂
∫
dv
∫
dV V 2P (r̂,v,V )

(4.26)

We can easily calculate integrals of the equation(4.26) by using the distribu-
tions for the velocity of the center of mass and the relative velocity, as

γ1 =
Md+m(d− 3)

Md+m(d+ 1)
= 1− 4m

Md+m(d+ 1)

=1− 4

M∗d+ (d+ 1)
(4.27)
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where M∗ is the dimensionless tracer mass. From this expression, γ1 mono-
tonically increases with M∗ and asymptotically reaches to 1 for M * 1 in
all dimensions. However, γ1 depends on d strongly when M ) 1. Further
discussions are shown in the following section.

4.3 Discussions

4.3.1 Test of the theoretical results

In this subsection, we compare the theoretical results with the simulation
results. Direct evaluation of P (t, r̂,v,V ) from the simulation is difficult
because P (t, r̂,v,V ) has the 3d(= 1 + d− 1 + d+ d) variables, and it leads
to the lack of the statistical samples. Thus, we indirectly test the theoretical
results by comparing integrated forms of the free time distribution ( equation
(4.18) and (4.21) ) and γ1 ( equation (4.26) ).

We compare the theoretical results of the free time distributions at the
high (equation (4.18)) and the small (equation (4.21)) mass limits with the
simulation results for dilute (ρ = 0.01) and 3 dimensional case in Figure 4.1.
In Figure 4.1, we scaled the horizontal and vertical axis by sH3 and sL3. From
Figure 4.1, the expression (4.18) and (4.21) agree with the simulation results
at the high and low mass limit.

Figure 4.1: Free time distributions of the theoretical results for large mass
case (a) (eq. (4.18)) and small mass case (b) (eq (4.21)) in ρ = 0.01, together
with the simulation results. Figures(a) and (b) are scaled by sH3 and sL3

When the ideal gas is dense, the collisions of tracer and ideal gas particles
are correlated as shown in subsection 3.3.2. In such a case, the theory of single
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Figure 4.2: Free time distributions of the theoretical results for large mass
case (a) (eq. (4.18)) and small mass case (b) (eq (4.21)) in ρ = 100, together
with the simulation results. Figures(a) and (b) are scaled by sH3 and sL3.

collision derived in section 4.2 would not be simply justified because the
theory assumes the Markovian process. Thus, we need to test the theoretical
results for high density case. We show the theoretical results of the free time
distribution at the high mass (equation (4.18)) and low mass (eq. (4.21))
limits with the simulation results in figure 4.2. The horizontal and vertical
axis is scaled by sH3 and sL3. From Figure 4.2, the theoretical results agree
well with the simulation results at the high and low mass limits even if the
ideal gas is dense.

Here, we test the theoretical results of γ1 (equation (4.27)) by comparing
them with the simulation results. We show the M dependencies of γ for
1, 2, 3, 4 and 10 dimensions from the theoretical results with the simulation
results for 1, 2, 3 and 4 dimensions in Figure 4.3. From the fig 4.3, the theory
agrees well with the simulation results.

From the comparison of the theory and simulation results above, we con-
clude that the theory works for our ideal gas systems even if the fluid is
dense.

4.3.2 Transformation to the equilibrium probability

The probability of the single collision (equation (4.9)) is the probability sam-
pled from the state immediately after a collision. Thus, this probability is
slightly different from the probability in the equilibrium state. To get the
probability in equilibrium state, the probability should be sampled from the
arbitrary time, and such a probability can be obtained by the method of
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Figure 4.3: M dependencies of γ in various dimensions from the theoretical
results (eq.(4.27)), together with the simulation results
.

renewal process as follows.
We consider the situation where the tracer has the successive collisions

with the gas particles at t− and t. The diagram of such a event is shown in
Figure 4.4.

0

V0

u

tt-

Figure 4.4: Diagram of single collision.

The probability corresponds to this diagram is

P (t− t−, r̂,u,V0)dudt−dtdr̂dV0

=Λ
F (V0)PMB(V0)

Λ
ρaD−1(u− V0) · r̂

× PMB(m,u) exp(−F (V0)(t− t−))dudt−dtdr̂dV0 (4.28)

where we have multiplied the probability where the collision occurs at time
t−. Then, we integrate the time t− from −∞ to 0 and obtain the single
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collision probability sampled from the equilibrium state as

Peq(t, r̂,u,V0) =

∫ 0

−∞
P (t− t−, r̂,u,V0)dt−

=ρaD−1(u− V0) · r̂PMB(m,u)PMB(M,V0) exp(−F (V0)t) (4.29)

Thus, the single collision probabilities sampled from the state immediately
after collision and the state in equilibrium are slightly different.

4.3.3 Velocity correlation before and after single colli-
sion γ1

From Figure 4.3, the γ1 monotonically increases and approaches to 1 at the
heavy tracer limit (M∗ * 1) in arbitrary dimensions. This behavior is trivial
because the velocity of the heavy tracer is almost unchanged only by the
single collision with a gas particle This intuitive description can be justified
by the rough scaling argument for the equation(2.4), namely |v| ∝ m−1/2

and |V | ∝ M−1/2 from the Maxwell-Boltzmann distributions, and reduce to
the relation (2.4) to V ′ . V . Then, we can obtain the γ1 for M * 1 as
γ1 . 1.

Also, From Figure 4.3, we can see the strong d dependencies of γ for a
light tracer (M∗ ) 1). Only in 1 or 2 dimensions, γ1 becomes the negative,
whereas γ1 are positive in three or higher dimensions. To understand the
origin of the dimension dependencies of γ1, we consider the limit of the small
mass M ) 1. In this case, equation (2.4) reduces to

V ′ . V − 2V · r̂r̂ (4.30)

Then, the inner product of V and V ′ becomes

V · V ′ . V 2(1− 2 cos θ1) (4.31)

This equation shows that the part of the inner product of the velocity in
(4.27) switches the sign at theta1 = π/4 and is independent of the dimensions.
This implies that the term of the probability in equation(4.26) depends on
the dimensions. The equation (4.31) of the equation (4.27) to

γ1 .
∫
dr̂
∫
dv
∫
dV V 2(1− 2 cos θ1)P (r̂,v,V )∫

dr̂
∫
dv
∫
dV V 2P (r̂,v,V )

(4.32)

We can integrate the degrees of freedom other than θ1 and obtain

γ1 .
∫

dθ1(1− 2 cos2 θ1)(d− 1) cos θ1 sin
d−2 θ1. (4.33)
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From this, we can say that the dimension dependent of γ1 for M∗ ) 1 is due
to the distribution of the direction vector on a collision.

From the calculation above, we obtain the reduced forms of the inner
product of the velocities before and after single collision V · V ′ as β(θ1) =
1−2 cos θ1 and the probability occurring such collision P (r,v,V ) as P (θ1) =
(d − 1) cos θ1 sin

d−2 θ1 in the small mass limit (M ) 1). We can obtain
the physical picture of the single collision in small mass limit precisely by
visualizing them. We plot β(θ1) and P (θ1) for 1, 2, 3, 4 and 10 dimensions
in Figure 4.5. From Figure4.5(a), β(θ1) does not depend on the dimensions
and monotonically increases with θ1 and reaches to 1 at θ1 = π

2 . The sign
of β(θ1) changes at θ1 = π

4 . This is intuitive behavior because the collision
at high angle is just like the grazing collision and the velocity is almost
unchanged by such a collision. From the figure4.5(b), we observe that the
distribution shifts towards the high angle by the dimension of the system
increases. This indicate that the probability of the grazing collision increases
with the increase of the dimensions. This is the reason why the γ1 increases
with the increase of the dimension in the small mass limit. In 3 dimensions,
the contributions of the grazing collision and back reflection to γ1 are the
same and this leads to γ1 = 0 in the small mass limit.

Figure 4.5: β(θ1) and P (θ1)

4.3.4 Relation to other system

In this subsection, we mention the relation of the analysis of the single col-
lision above to other systems. Herman and Alder showed that the VAC of
the light tracer in hard sphere fluids shows the negative peak in 3 dimension
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and explained the origin of such a behavior is simply due to the small mo-
mentum of the tracer[32]. However, in our analysis of γ1 in subsection 4.3.3,
we showed that the negative correlation can not be occurred by the single
collision in 3 dimensional system. Although our analysis did not consider
the structure of the fluid, our analysis suggests that the negative correlation
of the tracer velocity in 3 dimensional system is caused by the correlated
collisions.

In our theory, we did not consider the static structure of the gas. This is
justified only in our simulation because of the non-interacting nature of the
ideal gas. Actually, the RDF does not have any structure as shown in Figure
2.3. However, in the general systems where the fluid particles interact with
each other and static structure exists, we have to consider the complicated
structure for the single collision statistics. Actually, Burshtein and Krongauz
studied the negative velocity correlation of the hard sphere fluid from the
viewpoint of the collisions and pointed out that the fluid structure affects the
distribution of the direction vector between the tracer and a gas particle on a
collision[23]. Thus, further theoretical analyses involving the static structure
is required to construct the theory for the system having the interaction
between the fluid particles.

We derived the single collision statistics of the hard core interaction sys-
tems. This theory would be generalized to some system in which the 2-body
collision is well defined. For instance, the single collision statistics for the
systems composed of the short-ranged potential such as the WCA potential
would be able to constructed. However, if the system is composed of the par-
ticles having long-ranged potential, we can not construct the single collision
statistics because we can not define the collision well in such a system.
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Chapter 5

Short time dynamics of tracer
in 1 dimensional gas

5.1 Introduction

In Chapter 3.1, we found that the dynamics of the tracer shows the complex
behavior even if the fluid is an ideal gas. Such dynamics would be difficult to
express analytically. One of the difficulties is the geometry of the correlated
collisions in 3 dimensions. If the system is in 1 dimension, the geometry is
rather simple than the higher dimensional systems because the angle does not
exist in 1 dimension. Thus, the dynamics of the tracer in the 1 dimensional
system is relatively easy compared with higher dimensional systems.

The 1 dimensional system has been studied by many researchers in sta-
tistical mechanics because of its simplicity and the analytic results of the 1
dimensional system are informative for systems in higher dimensions. The
one dimensional Ising model would be the most famous example in the sta-
tistical mechanics. Also in the field of the classical fluid, the one dimensional
systems have been extensively investigated. For instance, the structure of the
one dimensional fluid composed of the identical hard rods have been exactly
solved[28].

For the dynamics of the one dimensional system, the analytical expres-
sions have been obtained in the limited cases. The dynamics of a one di-
mensional fluid composed of the point particles have been analytically solved
only for the case where the mass of all the fluid particles are equal and the
system is infinite by Jepson[53], Lebowitz and Percus [54, 55]. Also for the
periodic boundary case, the dynamics is solvable[56]. In the equal mass case,
the velocity of particles is simply exchanged by a collision with a neighboring
particles, and the theory utilizes this properly. In contrast, when the masses
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of the particles are not equal, the velocity is not simply exchanged by a colli-
sion. In such a case, the analytical expression of the dynamics have not been
analytically obtained.

The dynamics of the tracer having the different mass from those of the
fluid particles in one dimensional system is qualitatively different from the
equal mass case. Roy et al showed that the function of the decay of the
VAC is changed from t−3 to − ln2 t. Marro and Masolovert reported that the
power of the VAC decay changes by varying the mass ratio from 1, although
their functional form is different from the results by Roy et al. Anyway, such
changes of the VAC decay by mass implies that the dynamics of the equal
mass case is special.

In this chapter, we focus on the short time dynamics of the tracer in
the 1 dimensional ideal gas. In the 1 dimensional system, whether the fluid
particles interact with each other does not affect the dynamics of the tracer.
This is because the velocities of fluid particles simply exchange by a collision
with the neighboring particle and the tracer does not feel such an event.
Therefore, we consider the situation where the fluid particles do not interact
with each other for simplicity. Such a system would be compared with the 3
dimensional ideal gas system analyzed in the chapter 3.1.

Before the detail analysis, we briefly introduce the 1 dimensional system
here. In a 1 dimensional hard sphere system, the volumes of the tracer and
gas do not affect the dynamics of the tracer although affects the structure
strongly. Therefore, we treat the all particles as the point masses. In such a
reason, the characteristic length scale of the system is only the mean distance
L̄ between the particles in an infinite system. Therefore, this system is
characterized only by mass of the tracer M in dimensionless units in mean
distance L̄, kinetic energy kBT and mass of the gas m.

5.2 Results of simulations

We map the time evolution of the position of the tracer and ideal gas particles
to the space-time plain in Figure 5.1 for the same, heavy and light tracer
cases. The black curve and points are the trajectory and collision times of
the tracer. The red and other color curves are the trajectories of the gas
particles. To distinguish each curves of the gas particles, some curves are
high lighted. From Figure 5.1(a), we can see that the velocities of tracer are
fully exchanged by the collision with gas particles only for M∗ = 1. Such a
behavior makes the dynamics of the tracer simple, and this enables to the
analytical solution for the dynamics [53, 54, 55]. In contrast, for the heavy
tracer case (M∗ = 100), the tracer moves slowly compared with surrounding
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gas particles and tracer velocity is almost unchanged in a single collision. In
this case, the event that the tracer collides with the same gas particle hardly
occurs and collisions would be almost independent. For the light tracer case
M = 0.01, the behavior is rather different from the heavy tracer case. In this
case, the tracer moves faster than the surrounding gas particles and the tracer
velocity is easily changed by a single collision with a gas particle. We can
observe the back reflections by the single collision and such behavior can be
reproduced by the theoretical analysis in chapter 4.1. The most characteristic
behavior in Figure 5.1(c) is the repeated collisions with the same gas particle.
The tracer reciprocates between the two closest gas particles several times.
In such a case, we can say that the collisions are strongly correlated.

Figure 5.1: The space-time diagram of the tracer and surrounding gas parti-
cles for M = 1, M = 100 and M = 0.01 case.

To characterize the dynamics of the tracer in 1 dimension, we analyze the
VAC of tracer for various masses and plotted the simulation results in Figure
5.2. In figure 5.2, we observe that the decay rates of the VAC decreases as
the mass of the tracer increases. This is trivial because the collision rate is
low and the velocity change by collision is small in the heavy tracer case,
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Figure 5.2: VAC of tracer in 1dimension for various M .

and this directly leads to the slow decay of the VAC. The most important
feature in Figure 5.2 is the shape of the VAC. For the heavy tracer case
(M > 1), the VAC shows monotonic decay and such a behavior is consistent
with the picture of the independent collision as shown in Figure 5.1. In
contrast, for the light tracer case M < 1, the VAC shows a negative peak in
the short time scale and the negative peak increases as M decreases. Such a
behavior implies that the collisions are correlated and this is consistent with
the picture in Figure 5.1(c)

5.3 Theoretical analysis

In section 5.2, we analyzed the dynamics of the tracer and found that the
dynamics is qualitatively changed by the tracer mass. For the heavy tracer
case, the collisions are independent and VAC shows the simple decay. In
contrast, for the light tracer case, the collisions are strongly correlated and
VAC shows a negative peak in the short time scale. In this section, we
theoretically analyze the VAC in the heavy and light limits.

5.3.1 Case for heavy tracer

When the tracer mass is large, the collisions are not correlated as shown in
Figure 5.1. In such a case, the dynamics is governed only by the statistics of
the single collision. In this subsection, we shows the VAC of the heavy tracer
from the statistics of the single collision by applying the theoretical methods
of Lindenberg[21] introduced in section 1.4.
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The dynamics of the tracer is composed of the ballistic free motions and
velocity changes by the collision with the gas particles. We describe such
dynamics as the diagram shown in Figure 5.3. This diagram describes the
dynamics with n-collisions. The tracer velocity V0 is sampled from the state
just after a collision at t = t− and the collision with the gas particle having
velocity ui at time ti occurs. The collision times satisfy t− < 0 < t1 <
t2 < · · · < tn−2 < tn < t < t+. We can describe the probability density

0 t

V0

u+u1

t+t2

u2

tn-1

un-1

tn

un

・・・

t1t-

Figure 5.3: Diagram of the dynamics of tracer for n-th collisions.

corresponding to the diagram with n-collisions as

P (u+, t+, un, tn, un−1, tn−1, · · · , u2, t2, u1, t1, V0, t−) (5.1)

The collisions are statistically independent for the heavy tracer case and this
safely leads to the Markovian approximation:

P (u+, t+|Vn)P (un, tn|Vn−1) · · ·P (u2, t2|V1)P (u1, t1|V0)Pa(V0) (5.2)

where Pa(V0) is the probability of the tracer velocity V sampled from the
state just after a collision and is given by equation (4.2). P (u, t|V ) is the
conditional probability that the tracer collides with the gas particle having
velocity u on time t under the condition where the tracer has velocity V and
is given by equation(4.9). The explicit expressions for Pa(V0) and P (u, t|V )
are

Pa(V ) =
F (V )PMB(V )

Λ
(5.3)

P (u, t|V ) =ρ|u− V |PMB(u) exp (−F (V )t) (5.4)

where Λ is the average collision frequency. F (V ) is one under conditional
collision frequency for the tracer with velocity V .

The VAC can be expanded into the number of collisions:

〈V (0)V (t)〉
〈V (0)2〉 =

M

kBT

∞∑

n=0

〈V (0)V (t)〉n (5.5)
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where 〈V (0)V (t)〉n is the VAC with n-collisions. The explicit expression of
〈V (0)V (t)〉n is

〈V (t)V (0)〉n

=Λ

∫ ∞

t

dt+

∫ t

0

dtn

∫ tn

0

dtn−1 · · ·
∫ t3

0

dt2

∫ t2

0

dt1

∫ 0

−∞
dt−

∫
du+

∫
dun · · ·

∫
du2

∫
du1

∫
dV0(V0Vn)

P (t+ − tn, u+|Vn)P (tn − tn−1, un|Vn−1) · · ·
P (t3 − t2, u3|V2)P (t2 − t1, u2|V1)P (t1 − t−, u1|V0)Pa(V0) (5.6)

where Vn is the tracer velocity after the n-th collision. From the collision rule
of equation (2.4), Vn is rewritten as

Vn = pnV0 +
∞∑

i=1

pi−1qui (5.7)

where p = M−m
M+m and q = 2m

M+m .
When the tracer mass is sufficiently largeM∗ * 1, F (V ) of equation (4.5)

reduces to ρ√
απ , and this gives simpler expression of Pa(V0) and P (u, t|V ) as

follows.

Pa(V ) =PMB(V ) (5.8)

P (u, t|V ) =ρ|u|PMB(u) exp

(
− ρ√

απ
t

)
(5.9)

We substitute the reduced form of probability (equation (5.8) and (5.9)) into
equation (5.6), to have

〈V (t)V (0)〉n

=Λ

∫ ∞

t

dt+

∫ t

0

dtn

∫ tn

0

dtn−1 · · ·
∫ t3

0

dt2

∫ t2

0

dt1

∫ 0

−∞
dt−

×
∫

du+

∫
dun · · ·

∫
du2

∫
du1

∫
dV0(V0Vn)

× ρn+1|u+||un| · · · |u2||u1|e−
ρ√
απ

(t+−t−)

× P (u+)P (un) · · ·P (u2)P (u1)PMB(V0) (5.10)

=

∫ t

0

dtn

∫ tn

0

dtn−1 · · ·
∫ t3

0

dt2

∫ t2

0

dt1

×
∫

dun · · ·
∫

du2

∫
du1

∫
dV0(V0Vn)

× ρn|un| · · · |u2||u1|e−
ρ√
απ

tP (un) · · ·P (u2)P (u1)PMB(V0) (5.11)
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We can reduce the odd function term of ui in Vn, then

〈V (t)V (0)〉n

=pn
∫ t

0

dtn

∫ tn

0

dtn−1 · · ·
∫ t3

0

dt2

∫ t2

0

dt1

×
∫

dun · · ·
∫

du2

∫
du1

∫
dV0V

2
0

× ρn|un| · · · |u2||u1|e−
ρ√
απ

tP (un) · · ·P (u2)P (u1)PMB(V0) (5.12)

We can calculate all integrals as follows

〈V (t)V (0)〉n =
kBT

M

1

n!

(
pρt√
απ

)n

e−
ρ√
απ

t

The VAC can be obtained by taking the sum of all term 〈V (t)V (0)〉n, as

〈V (t)V (0)〉 =
∞∑

n=0

〈V (t)V (0)〉n =
kBT

M
e−

2m
M+m

ρ√
απ

t =
kBT

M
e−

2
M∗+1

√
2
π t

For the large mass limit M∗ → ∞, we can reduce the VAC as

〈V (t)V (0)〉 = kBT

M
e−

2
√
2

M∗√π
t (5.13)

5.3.2 Case for light tracer

In the short time scale, the tracer has the repeated collisions with the same
gas particles as shown in Figure 5.1. In such a case, the neighboring gas
particles to the tracer behave as fixed walls. The image of this model is
shown in Figure 5.4 where t is the time, X and V is the initial position and

t t
0

L
V

X

Figure 5.4: Theoretical model for dynamics of light tracer in short time scale.

velocity of the tracer sampled from the equilibrium distribution and L is the
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distance between the fixed walls which mimic the neighboring gas particles to
the tracer. Some distributions in this case are well defined by the equilibrium
distributions. The position of the tracer is uniformly distributed in the walls
and the velocity of the tracer is given by the Maxwell-Boltzmann distribution.
The distribution of the distance between the neighboring particles is the
exponential distribution, but the distribution of the distance between the
walls is the Gamma distribution. This is because the tracer is confined
between the walls, and the distance between the walls are the sum of the
neighboring distances. The explicit expression of these distributions are

P (X) =
1

L
(5.14)

P (V ) =

(
m

2πkBT

) 1
2

exp

(
−MV 2

2kBT

)
(5.15)

P (L) =
L

L̄2
exp

(
−L

L̄

)
(5.16)

where L̄ is the mean distance between the walls. Then, we assume the simple
collision rule. The tracer velocity is changed by the collision with the wall.
The tracer velocity is reversed if the walls are fixed. In such a situation, we
can calculate the VAC under the condition where the initial tracer position,
velocity and distance between the walls are X,V and L as

〈V (t)V (0)〉|X,V,L = V 2(−1)&
V t+X

L ' (5.17)

where /· · · 0 is the floor function. We can obtain the VAC by taking the
statistical averages for X,V and L. This model would be justified when we
consider the short time scale and the tracer mass is much smaller than the
gas particle because the tracer speeds are smaller than that of tracer and
they are almost unchanged by collisions with the tracer in such a case.

We take the average of (5.17) over X.

〈V (t)V (0)〉|L,V =

∫
〈V (t)V (0)〉|X,L,V P (X)dX (5.18)

=
1

L

∫ L

0

V 2(−1)&
V t+X

L 'dX (5.19)

=V 2(−1)&
V t
L '
(
1 + 2

⌊
V t

L

⌋
− 2V t

L

)
(5.20)

This is the even function of V , so we can change V by |V | as

〈V (t)V (0)〉|L,V =V 2(−1)&
|V |t
L '
(
1 + 2

⌊
|V |t
L

⌋
− 2|V |t

L

)
(5.21)
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Then, we take the average of (5.20) over L.

〈V (t)V (0)〉|V =

∫
〈V (t)V (0)〉|L,V P (L)dL (5.22)

=

∫ ∞

0

V 2(−1)&
|V |t
L '
(
1 + 2

⌊
|V |t
L

⌋
− 2|V |t

L

)

× L

L̄2
exp

(
−L

L̄

)
dL (5.23)

We introduce a variable transform from L to l = L
L̄
,

〈V (t)V (0)〉|V (5.24)

=

∫ ∞

0

V 2(−1)&
|V |t
lL̄

'
(
1 + 2

⌊
|V |t
lL̄

⌋
− 2|V |t

lL̄

)
l exp (−l) dl (5.25)

=

∫ ∞

0

V 2(−1)&
|α|
l '
(
1 + 2

⌊
|α|
l

⌋
− 2|α|

l

)
le−ldl (5.26)

where we defined α = V t
L̄
. Then, we divide the integral over l into integrals

over partial domains as,

〈V (t)V (0)〉|V

=V 2
∞∑

k=0

(−1)k
∫ |α|

k

|α|
k+1

(l + 2kl − 2|α|)e−ldl (5.27)

=V 2
∞∑

k=0

(−1)k(1 + 2k)
(
e−

|α|
k+1 − e−

|α|
k

)
− (−1)k|α|

(
e−

|α|
k+1

k + 1
+

e−
|α|
k

k

)

(5.28)

=V 2
∞∑

k=0

(−1)k(1 + 2k)
(
e−

|α|
k+1 − e−

|α|
k

)
(5.29)
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Here, we consider the integral over V .

〈V (t)V (0)〉 (5.30)

=

∫
〈V (t)V (0)〉|V P (V )dV (5.31)

=

∫ ∞

−∞
V 2

∞∑

k=0

(−1)k(1 + 2k)
(
e−

|α|
k+1 − e−

|α|
k

)

×
(

M

2πkBT

) 1
2

exp

(
−MV 2

2kBT

)
dV (5.32)

=2
(a
π

) 1
2

∫ ∞

0

V 2
∞∑

k=0

(−1)k(1 + 2k)

×
(
e−bk+1V − e−bkV

)
exp

(
−aV 2

)
dV (5.33)

=
∞∑

k=0

(−1)k(1 + 2k)2
(a
π

) 1
2

×
∫ ∞

0

V 2
(
e−bk+1V − e−bkV

)
exp

(
−aV 2

)
dV (5.34)

where a = M
2kBT and bk =

t
L̄k
. We can proceed this calculation as

〈V (t)V (0)〉 =1

a

∞∑

k=0

(−1)k(1 + 2k)

{[(
1

2
+

c2

(k + 1)2

)
e

c
(k+1)2 erfc(ck+1)−

c√
π(k + 1)

]

−
[(

1

2
+

c2

k2

)
e

c2

k2 erfc(ck)−
c√
πk

]}
(5.35)

where c
k is bk

2
√
a = t

L̄

√
kBT
2M

1
k . We consider the normalization by the average

kinetic energy kBT as

〈V (t)V (0)〉
〈V 2(0)〉 =

∞∑

k=0

(−1)k(1 + 2k)

{[(
1 +

2c2

(k + 1)2

)
e

c2

(k+1)2 erfc

(
c

k + 1

)
− 2c√

π(k + 1)

]

−
[(

1 +
2c2

k2

)
e

c2

k2 erfc
( c
k

)
− 2c√

πk

]}
(5.36)
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Then, we divide the first term (k = 0) in the summation as

〈V (t)V (0)〉
〈V 2(0)〉

=(1 + 2c2)ec
2
erfc(c)− 2c√

π

+
∞∑

k=1

(−1)k(1 + 2k)

×
[(

1 +
2c2

(k + 1)2

)
e

c2

(k+1)2 erfc

(
c

k + 1

)
−
(
1 +

2c2

k2

)
e

c2

k2 erfc
( c
k

)]

−
∞∑

k=1

(−1)k(1 + 2k)

(
2c√

π(k + 1)
− 2c√

πk

)
(5.37)

=(1 + 2c2)ec
2
erfc(c)− 4c√

π
+

∞∑

k=1

(−1)k(1 + 2k)

×
[(

1 +
2c2

(k + 1)2

)
e

c2

(k+1)2 erfc

(
c

k + 1

)
−
(
1 +

2c2

k2

)
e

c2

k2 erfc
( c
k

)]

=ec
2
erfc(c)− 4c√

π
+

∞∑

k=1

(−1)k(1 + 2k)

×
(
e

c2

(k+1)2 erfc

(
c

k + 1

)
− e

c2

k2 erfc
( c
k

))

− 8c2
∞∑

k=1

(−1)k
1

k
e

c2

k2 erfc
( c
k

)
(5.38)

This is the analytical form of VAC at the low mass limit M ) 1

5.4 Discussion

5.4.1 Comparison theory with simulation results

We plot the analytical results (eq(5.13)) with the simulation results in Figure
5.5, with the time rescaled scaled time byM∗−1. In Figure 5.5, the theoretical
results slightly deviates from the simulation results in the large mass cases.
This deviation would be due to the approximation for collision statistics of
equation (5.9). To reproduce the VAC in the high mass case precisely, we
should carefully consider the approximations for the mass ratio expansion.

We plot the analytical expression (eq(5.38)) with the simulation results
in Figure 5.6 with the time scaled the time by M∗− 1

2 . We fine that the theory
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Figure 5.5: VAC of theoretical results for large M case (eq. (5.13)), together
with simulation results for various M . Horizontal axis is scaled by M∗−1.

successfully reproduces the short time behavior of the simulation results at
the low mass case. In Figure 5.4, our theoretical model does not have any
fitting parameters and the value appeared in the theory can be completely
determined from the simulation setting. Therefore, we can say that our model
successfully incorporates the effect of correlated collisions as we observed in
Figure 5.1(c) although this model is slightly phenomenological.

From the theoretical analysis above, we find the difference of the factor
used for the rescaling of the time between the high mass and low mass cases.
The time scale of the relaxation of VAC of the tracer would be roughly
determined by the collision frequency(4.5) and collision rule(2.4). When the
mass of the tracer is sufficiently large, the characteristic time of the VAC is
scaled by M∗−1. In this case, the velocity of the tracer is small compared
with the ideal gas, and this make the collision frequency to be the constant
as can be seen in equation (4.5). Thus, the dominant factor affecting the
relaxation time is the collision rule (2.4). This is the reason why the time
should be scaled by M∗−1 in the high mass case. For the sufficiently low mass
case, the tracer velocity is sufficiently high compared with that of the gas
particle and reversed by the single collision. In this case, the velocity of the
ideal gas particle is almost unchanged by the velocity change of the tracer.
In this case, the collision frequency is the dominant factor for the relaxation
time of the VAC. Thus, the factor M− 1

2 appears in the VAC in the small
mass case.
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Figure 5.6: VAC of theoretical results of VAC for low M case (eq.(5.38)),
together with the simulation results of various M . Horizontal axis is scaled
by M∗−1/2.

5.4.2 Expandability of our theory

The theoretical model describing the VAC of the light tracer shown in subsec-
tion 5.3.2 can not describe the cases for the arbitrary masses and dimensions.
In this subsection, we consider the relation of the theory to such cases.

In our model, we regard the gas particles neighboring the tracer as two
fixed walls. This model can be described by the renewal theory formalism
by employing the appropriate statistics of the correlated collisions in light
tracer limit. If the tracer mass is not sufficiently small compared with the
gas particles, the fixed wall picture is not valid. In this case, we have to
consider the statistics of the correlated collisions for such a tracer mass in
the renewal theory to reproduce the tracer dynamics.

In the model, we use the properties of the one dimensional system. Thus,
our model would not be directly expanded to the high dimensional cases.
In such cases, we have to consider the complex geometry of the correlated
collisions that does not exist in one dimensional system. Nevertheless, we
believe that our model is instructive for high dimensional systems because
the model can incorporate the correlated collisions successfully.
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Chapter 6

Conclusions

In this work, we studied the short time dynamics of the tracer in the ideal
gas by using the simulations and theories. Here, we show the summary of
the results and conclusions.

Chapter3: Short time dynamics of tracer in 3
dimensional ideal gas

In this chapter, we performed the hard sphere simulations for the short time
dynamics of the tracer in the ideal gas. When the mass of the tracer is high
or the number density is low, the velocity autocorrelation function (VAC)
shows the exponential decay and such a behavior can be reproduced by the
Enskog theory. However, when the mass of the tracer is small and the number
density is high, the VAC shows negative value and the Enskog theory fails
to reproduce such a behavior. In such a case, the collisions are strongly
correlated even though the fluid molecules do not interact each other. To
understand the origin of the correlated collisions in the ideal gas, we focused
on the individual collisions and introduced velocity autocorrelation according
to the number of collision events, γn. From the detail analysis of γn, the
correlated collisions are caused by the collisions with the same gas particles.

Chapter4: Statistic of single collision in arbi-
trary dimension

In this chapter, we theoretically analyzed the single collision statistics of the
tracer to reproduce the simulation results in chapter 3. We obtained the an-
alytical expression of the single collision statistics for arbitrary tracer masses
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in arbitrary dimensions. From the statistics, we deductively calculated the
free time distribution and the velocity correlation of single collision, γ1 in 3
dimension. We confirmed that the theory completely agree with the simu-
lation results. Although our theoretical calculation can be justified only for
the non-interacting ideal gas systems, it would be instructive for the systems
in which the fluid particles interact with each other.

Chapter5: Short time dynamics of tracer in 1
dimensional gas

From the pictures of the correlated collisions obtained in chapter 3, we the-
oretically analyzed the VAC of the tracer in 1 dimensional systems in the
short time scale. For the heavy tracer cases, the collisions are independent of
each othet and the VAC can be analyzed by the renewal theory formalism.
However, our calculation has the slight deviation from the simulation results,
and this deviation is due to the approximation of the collision statistics em-
ployed in our calculation. For the light tracer cases, the correlated collisions
are caused by the collisions with the same gas particles. In such a case,
we can construct the phenomenological model incorporating the correlated
collisions. This model successfully reproduce the VAC from the simulation
for M ) 1 cases. In these models, all the variables appeared in the mod-
els can be determined by the system settings. Namely, there are no fitting
parameters.
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Nomenclature

We showed the parameters used in this work in the table below.

Parameter Meaning
t time
σ tracer size
M mass of tracer
M∗ dimensionless mass of tracer
m mass of ideal gas particle
ρ number density of ideal gas
ρ∗ dimensionless number density of ideal gas
d dimension
L side length of of simulation box
V volume of simulation box
N number of ideal gas particle
R position of tracer
V velocity of tracer
ri position of i-th ideal gas particle
vi velocity if i-th ideal gas particle
r̂ unit vector between centers of tracer and gas particle
kB Boltzmann constant
T temperature
D diffusion coefficient
η fluid viscosity
K friction coefficient kernel
W Gaussian noise
τ̄ mean free time between collisions
L̄ mean distance between neighboring particles in 1 dimension
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Fig. 1: The time-evolution of the position of the large particle from 

the bottom of the cylinder. The densities of the small particles are 2.5, 
7.5, and 10g/cm3. Symbols represent the DEM simulation data and 
dashed curves are model predictions. 
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粉体粒子の圧力分布に注目した 
ブラジルナッツ現象のダイナミクスの解析 
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４　圧力モデル（理論）
仮定

５　結果 ６　考察

「加速的な上昇」と「密度の影響」を 
説明できない

密度が小さいほど 
シミュレーション結果からズレる 

逆ブラジルナッツ現象を示唆

対流の影響[3] 
もしくは 

大粒子上方の小粒子による圧力の影響

Jullienのモデル

加速的な上昇の原因

圧力モデル大粒子は加速的に上昇 
小粒子の密度が大きい程、大粒子の上昇速度は低下

3　シミュレーション
高さ h 200 mm
半径 L 48 mm
振幅 A 15.5 mm
角速度 ω 62.8 rad / s

半径 r 4 mm

密度 ρ 1.25, 2.5, 5.0 
7.5, 10.0 g/cm3

半径 R 16 mm
密度 ρ0 2.5 g / cm3

円柱容器

小粒子

大粒子

初期状態

小粒子の密度を変え 
大粒子の変位を解析

ΔU = MgΔZ

W = ρgπR2(h − Z )ΔZ

大粒子の変位の発展式 

Zn+1 = Zn + A2ω2

g
1

2 + 3ρ(h − Z )
2ρ0R

Ek = 1
2 M(Aω)2大粒子が１加振で得る 

運動エネルギー

大粒子の位置エネルギー

圧力に対する仕事

||

+

 
Jullienのモデル[1] 
１　背景 ２　概要

圧力に注目したモデルを構築 
シミュレーション結果と比較

DEMシミュレーション[2]を製作 
大粒子のダイナミクスを解析

・大粒子の上昇速度一定 
・粒子の質量は無影響
本当に正しいだろうか？

・大粒子の下に 
　小粒子が入り込む 
・赤部の体積が一致 
・幾何的なモデル

小粒子の密度が大きいほど 
大粒子はゆっくり上昇

ブラジルナッツ現象

加振すると大きい粒子は登る

「加速的な上昇」と「密度の影響」を再現 
密度が大きいと、シミュレーション結果と一致

シミュレーション

圧力モデル

Z

ΔZ

200

150

100

50

0

大
粒
子
の
変
位

 Z
 [m

m
]

20151050
時間 t [ s ]

小粒子の密度
■ 10.0 g/cm

3
 

■ 7.5 g/cm
3
 

■ 5.0 g/cm
3

■ 2.5 g/cm
3

■ 1.25 g/cm
3

 ×   シミュレーション
ー　圧力モデル



Small particles drive vibration of large particle 
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Department of applied physics Engineering, Nagoya University, Nagoya 464-8603, Japan  
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1. Introduction:  
   A colloidal particle placed in a solvent moves randomly. This 
motion is driven by collisions of many solvent molecules. Such a 
random motion is called as the Brownian motion, and 
phenomenologically, it can be described by the Langevin equation. 
However, the use of the Langevin equation is not always justified. In 
this study, we found an unexpected vibrational motion of a large 
particle immersed in a liquid. We analyze the short-time scale motion 
of a large particle by simulations and theoretical model. 
 
2. Simulation: 
    We use molecular dynamics simulation to analyze the 
motion of a tracer particle. We put the tracer particle and many 
small particles in the simulation box with the periodic 
boundary condition. We use dimensionless units by setting the 
small particle diameter σ, mass m and the Lennard-Jones(LJ) 
potential energy ε as unity. We set thermal energy kBT as 1. 
The interaction between small particles is the LJ potential, 
whereas the interaction between the tracer and the small 
particles is the shifted LJ potential, these particles only show 
repulsive interactions. To control the temperature, we employ 
the Langevin thermostat for small particles. The tracer particle 
is not directly coupled to the Langevin thermostat. We applied 
the numerical integration scheme recently developed for the 
Langevin equation1 for the small particles and the standard 
velocity Verlet scheme for the tracer particle. We varied the 
diameter R and mass M of tracer particle to see their effects.  
 
3. Results: 
  Fig.1 is a snapshot of the simulation for the tracer particle 
diameter with the R=5 and M=1. Fig.2 shows the mean square 
displacement (MSD) of the tracer particle. At the short-time 
scale(t<0.5), we observed a clear oscillation in the MSD. Fig.3 
shows the correlation of the velocity of the tracer particle. At 
this time scale, the small particles move ballistically. Thus the 
velocity of the large particle is changed by series of collisions 
of small particles. The oscillation may be driven if the 
velocities of a large particle before and after a collision event 
has a negative correlation. The detailed simulation data and 
theoretical analysis will be presented on site. 
 
References: 
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Fig.1 Snapshot of simulation. 
The tracer and the small particles. 

   Fig.2 The mean square displacement  
   of the tracer particle < Δr(t)2>

Fig.3 The velocity correlation  
of the tracer particle <v(t)v(0)> 



Small particles drive vibration of large particle 
○Fumiaki Nakai, Takashi Uneyama and Yuichi Masubuchi (Nagoya Univ.)
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4 Result

5 Theoretical model 6 Summary

3 Analysis

 1 Background 2 Simulation

Vibration occurs when tracer is large 
What works for tracer ? 

0 Free Brownian motion

Consider two limits

Langevin equation[1]

m ·v = − ηv + W(t)
Mean Square Displacement (MSD)

< Δr2 > = 2kT
η

[t + m
η

exp(− η
m

t) − 1}]

< Δr2 > → 2kT
η

t ( τm > 0 )

< Δr2 > → kT
m

t2 ( τm < 0 )

We found unexpected MSD vibration

Single tracer and small particles  
are in simulation box

Langevin thermostat worked  
for small particles only

1.Tracer velocity

2. Autocorrelation

3.Fourier transform, Lorentz function

We regarded Lorentz function peak 
as angular frequency of vibration ωc 

We varied tracer mass M, size R 
and system temperature T 

We studied 3 parameters  
dependence of vibration

ωc ∝ R1 M−0.5 T0.2 ?

3 parameters dependence of angular frequency ωc

1.Phenomenon 2.Continuum approximation

3.Repulsive spring approximation

F
ΔZ

F = πk′�(R + r)2

12 ΔZ

ω = k
M

∝ R1M0.5

R: tracer size, r: small particle size 
M: tracer mass, ΔZ: tracer displacement, k, k’: spring constant, 

We found unexpected tracer vibration 
that disobey Langevin dynamics

We constructed theoretical model 
that explain ωc for R and M

For tracer vibration, We found  
angular frequency ωc is proportional to R1 M0.5 T0.2

We may find mechanism of T dependence of ωc 
by considering small particles distribution

Tracer mass M, size R 

Small particles temp. T

Lenard-Jones interaction is considered 
between particles
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Mechanism of Unusual Vibration of Large Particle in Fluid

F. Nakai, T. Uneyama, and Y. Masubuchi

Graduate School of Engineering, Nagoya University

ABSTRACT

By the molecular simulations, we study the col-

loid dynamics in a short time scale in which the

number of collisions between the colloid particle

and the fluid particles is not sufficiently large. We

found the mean square displacement(MSD) ex-

hibits oscillations at the short time scale region.

We studied the dependence of the various param-

eters on the oscillation frequency. The oscillation

mechanism can be categorized to the three differ-

ent regions depending on the fluid density. We

propose the three models for these regions.
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Fig.1 Mean square displacement for M =

0.25, 4 and 16. The tracer size and the fluid

density are R = 8 and ρ = 0.8

Fig.2 Velocity autocorrelation functions for

ρ = 0.001, 0.1 and 0.4. The tracer size and

mass are R = 8 and M = 0.0625.

Fig.3 Apparent power-law exponents of the

characteristic angular frequency for the veloc-

ity autocorrelation function.
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流体中の大粒子の特異な振動機構：密度による機構の変化 
○仲井文明, 畝山多加志, 増渕雄一(名大院工)

2. シミュレーション方法１. 背景
流体中のトレーサーの運動の記述に 

一般化ランジュバン方程式(GLE)[1]が使われる
m

dr2

dt2 = − ∫
∞

0
− ζ(t)v(t − t′�)dt′�+ W(t)

しかし、極短時間の運動に関して 
ガウシアンノイズを仮定したGLEは有効ではない[2] 

極短時間での粒子の運動の機構は？

{ζ :
W :
メモリカーネル 
ガウシアンノイズ

軽いトレーサーのMSDは短時間領域で振動する 
この振動はなに？

短時間領域のトレーサーのダイナミクスを調べた

・トレーサー１個と多数の流体粒子を導入 
・ボックスには周期境界を課した 
・相互作用は斥力のみ働くLJポテンシャル 
・LJ単位系で無次元化 
・流体粒子だけにランジュバン熱浴 
・平衡化完了後のデータを取得

速度の自己相関関数<V(t)・V(0)> 
及び、角周波数ωCに注目した 

トレーサーのサイズR、系の温度T 
質量M、流体粒子の数密度Nを変えた

F.Nakai et.al[3] F.Nakai et.al
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3. 結果：速度の自己相関関数（左図）と、ωCに対するR,T,Mのべき指数（右図）　
左図 
流体の数密度がN<0.001のとき 
振動は起きない
右図 
流体の数密度NによってωCに対す 
るR、T、Mの依存性が異なる 
流体の数密度がN～0.1程度のとき 

流体の数密度がN>1のとき 
ωc ∝ R1T0∼0.2M− 1

2
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４. 考察：流体密度ごとに理論モデルを構築

速度の自己相関関数は 
指数関数型で単調減少し0に漸近 

振動は起きない ωc ∝ V/λ ∝ R2T 1
2 M− 1

2 ωc = k /M ∝ R1T0M− 1
2

無相関衝突モデル ( N<0.001 ) ケージモデル ( N~0.1 ) バネモデル ( N>1 )
トレーサーの進行方向からのみ衝突 
しかし、散乱角の期待値<cosθ>=0で
あることを導出

流体粒子による疑似的なケージ内を 
運動するモデル

R、T、Mの依存性 R、T、Mの依存性

流体粒子による斥力ポテンシャル中を 
運動するモデル 
流体粒子を連続した線形バネとして近似

速さ 自由行程V ∝ T 1
2 M− 1

2 λ ∝ R−2 バネ定数 k ∝ R2
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衝突の確率過程に基づく流体中のトレーサーの速度相関関数の解析
名古屋大学大学院工学研究科物質科学専攻
仲井文明,　畝山多加志,　増渕雄一

Analysis of velocity autocorrelation function of tracer in fluids based on stochastic process of collisions 
Dept. of Engineering. Nagoya Univ. 
F. Nakai, T. Uneyama, M. Yuichi 

　 
緒言
　高密度の流体中の分子の速度相関関数がある時間で負になる現象は広く報告されている[1]。しか
し、その物理について十分な理解がなされていない。Barshteinらは流体中の特定の粒子（以降ト
レーサーと呼ぶ）に注目し、ダイナミクスを衝突の連続過程としてモデル化した。彼らは、衝突を
瞬時に起こる速度のみが変化するイベントと仮定し、連続時間ランダムウォーク（CTRW）の枠組
みを用いて速度の自己相関関数（VACF）を解析した[2]。CTRWの枠組みでVACFが負の値を示すに
は、①トレーサーと流体粒子の衝突の時間間隔が指数分布にならないこと、及び②トレーサーと
流体粒子の衝突前後の速度相関が負になること、の２つが必要条件である。本研究では、流体中
のトレーサーのVACFが負になる現象を上記の「衝突時間間隔の分布」と「衝突前後の速度相関」
の２つの問題に分けて考える。分子シミュレーションを用いてこれらを解析する。

方法及び結果
　LJ粒子により構成される流体中にトレーサーを一個導入し、
トレーサーのダイナミクスを解析した。粒子間相互作用は、斥
力でカットオフしたLJポテンシャルである。衝突時間間隔の分
布 � と衝突前後の速度相関 � （ � は１回の衝突
前後の速度、 � は統計平均を表す）に対するトレーサーのサ
イズ � 、質量 � 、流体の数密度 � の影響を調べた。トレーサー
に加わる力の時間発展 � が極大を示す点を衝突が起きた時
刻と定義し、これらの間隔を調べた。得られた間隔の分布 �
をFig1に示した。横軸は、平均値 � でリスケールした。 � は、
� が小さいときは指数分布である。 � が大きいときは、ある時間で極大を示し、指数分布からずれ
る。衝突前後の速度は、トレーサーの速度のある方向の時間発展 � のプラトーから決めた。 �
は、 � が小さいとき正で、大きいとき負になる。また、VACFは、 � が小さいときは指数関数的に減
少するが、大きいときはある時間領域で負の値を示す。以上の結果はBarshteinらの主張をサポート
する。トレーサーのサイズと質量もVACFが負になることに深く関係することが分かっている。講
演では、これらを変えた場合の結果も併せて紹介する。
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衝突の確率過程に基づく流体中のトレーサーの速度相関関数の解析 
○仲井文明, 畝山多加志, 増渕雄一(名大院工)

１. 背景
液体やガラスなど、中～高密度流体 
の分子の速度の自己相関関数(VACF)
は短時間領域で負の相関を持つ[1]

周囲粒子のケージ効果の影響とされて
いるが理解が曖昧

注目粒子：トレーサー 
その他：流体粒子　と呼ぶ 
 :流体粒子に対するトレーサーの質量比（ ） 

LJ系 
・粒子同士の相互作用は斥力LJ 
・ , サイズ比=1 
剛体系 
・流体粒子とトレーサーのみが衝突 
　流体粒子同士は衝突しない 
・  

が小さいとVACFが負の相関を持つ[3] 
 を小さく設定　流体粒子の数密度 を変える 
 、 および２回の衝突時間間
隔 を解析

Mr M /m

Mr = 0.0625

Mr = 0.01

Mr

Mr d

γ (n) = ⟨Vp ⋅ Vp+n⟩ P(τ)

P(τp + τp+1)

3.シミュレーションの系　

LJ系の結果はBurshteinの解析結果をサポートする結果である 
しかし、剛体系の結果をふまえると、LJ系の が大きい場合の解
析は複数回の衝突を１回の衝突として検知している可能性がある 

LJ系、剛体系の結果から、複数回の衝突を1回の素過程と置き直
せばBursteinらの理論を適用できるかもしれない 

剛体系の結果よりVACFの負の相関には同粒子との衝突が影響し
ている

d

６　考察５　剛体系を詳しく解析

 によらず で は最小 
 が大きくなると 
 の負の値は大きくなる

d n = 3 γn

d
γn

1回目と 回目の同粒子と
の衝突が を負にしている 
( で同粒子と衝突不可能）

n( ≥ 3)
γn

n = 2

１回目とn回目に同粒子と衝突し
た場合、異粒子と衝突した場合の
条件付き を 、 と定義γ (n) γs(n) γd(n)

 を変えた時の d γ (n)
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2. 目的
Burshteinらは衝突を独立と仮定し 
連続時間ランダムウォークの枠組みで 
VACFが負になる２条件を提示した[2]

１衝突時間間隔の分布 が 
　指数分布にならないこと 
２衝突前後の速度の相関 
　 が負になること 
（ はp回目の衝突直前の速度）

P(τ)

γ(1) = ⟨Vp ⋅ Vp+1⟩

Vp

・衝突を独立とした 
　仮定は妥当か？ 
・左記の２条件は 
　実際に起きるのか？

V1
V2

τ2

時間間隔速度 V0 τ1

LJ系：Bushteinの主張をサポートする 
剛体系：Bushteinの主張と以下のように異なる 
１回の衝突では、 は指数分布になり、 は負にならない 
３回目以降の同粒子との衝突が重要で衝突は独立とみなせない

P(τ) γ (1)

７　結論

４　LJ系と剛体系の および の解析結果γ(n) P(τ)

密度が大きいとき 
LJ系：n=1で負になる 
剛体系：n=3から負となる

LJ系：密度が大きいと指数分布からずれる 
剛体系：密度によらず１回の衝突は指数分布 
　　　　２回の衝突で指数分布からずれる
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理想気体中の粒子の短時間ダイナミクス

    （名大院工）○仲井文明，畝山多加志,　増渕雄一 
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 　キーワード：理想気体、速度相関関数、衝突、ランジュバン方程式、非ガウス性 

【はじめに】　༹ഔதͷཻࢠʢτϨʔαʔʣͷμΠφϛΫε
͸Ψ΢γΞϯϊΠζΛԾఆͨ͠ҰൠԽϥϯδϡόϯํఔࣜ
ʢ(-&ʣͰهड़͞ΕΔ<�>ɻ͔͠͠ɺτϨʔαʔͱྲྀମཻࢠͷ
িಥ͕਺ճఔ౓ʹݶΒΕΔ୹ؒ࣌ʹ͓͍ͯ͸ϊΠζ߲͕Ψ΢
γΞϯʹͳΒͳ͍ͷͰɺτϨʔαʔͷμΠφϛΫεΛΨ΢γ
ΞϯϊΠζΛԾఆͨ͠(-&Ͱهड़Ͱ͖ͳ͍ɻݱঢ়ɺ༹ഔத
ͷτϨʔαʔͷ୹ؒ࣌μΠφϛΫεͷཧղ͸े෼Ͱ͸ͳ͍ɻ
τϨʔαʔͷ୹ؒ࣌μΠφϛΫεΛཧղ͢ΔͨΊʹɺ·ͣ͸
ཧ૝Խͨ͠؆୯ͳܥΛཧղ͢Δඞཁ͕͋Δɻଟମ૬࡞ޓ༻
͕ଘ͢ࡏΔͱؒ࣌ɾۭؒతʹ૬͕ؔੜ͡ɺτϨʔαʔͷμΠ
φϛΫε͸ෳࡶʹͳΔɻຊڀݚͰ͸ɺଟମ૬࡞ޓ༻ͷӨڹ
Λͳͨ͘͢ΊʹɺτϨʔαʔͷपғྲྀମΛཧ૝ؾମͱͯ͠ղ
ੳͨ͠ɻ�

【方法】理想気体中のトレーサーのダイナミクスを以下の方
法でシミュレーションした。周期境界を課したシミュレー
ションボックスの中心にサイズ � のトレーサーを置き、ト
レーサーに重ならないようにサイズ 0の粒子（理想気体粒
子）を１０万個ランダムに導入した。各粒子の初期速度はマ
スクウェルボルツマン分布に従い生成した。粒子の座標およ
び速度の時間発展は剛体シミュレーションの手法に従った
[2]。トレーサーのサイズ 、系の温度 、流体粒子の質量
で規格化を行った。本系はトレーサーと理想気体粒子のみ
が相互作用する。また、パラメータはトレーサーの質量 � と
理想気体の数密度� のみの単純な系である。

【結果】 � が1より十分小さい場合、トレーサーと流体粒子
の衝突は独立となり比較的簡単なダイナミクスになる。ま
た、 � が１より十分大きい場合、ノンガウシアンパラメー
タによる解析で変位はガウシアンになることがわかり、ト
レーサーのダイナミクスは近似的にガウシアンノイズを仮定
したGLEで書ける。本研究は未知の領域である、 � が1より
小さく � が 1より大きい場合を対象とした。パラメータを
� の 組 み 合 わ せ で 振 っ た 。
� のとき、平均二乗変位（M S D）はプラ
トーを示し、速度の自己相関関数（VACF）は負の相関を示
した。VACFの結果を図１に示した。比較のために縦軸を質
量、横軸を衝突時間間隔の平均でリスケールした。周囲流
体が理想気体である系で上記のような結果が生じたいう報
告例はない。Burshteinらは個々の衝突が独立な場合、VACF
が負の相関を示すには次の２つが必要条件となることを示
した[3]。すなわち「 であること」および
「衝突の時間間隔の分布 � が指数分布からずれること」
である。ここで � はトレーサーが � 回目に理想気体粒子と衝
突する直前の速度、 � は � 回目と � 回目の衝突時間の間隔
である。本系で上記の２つの条件を調べたところ、どのパラ

メータセットでも � となり、 � はおよそ指
数分布になった。よって、 � ,  � のとき衝突は
独立でないことがわかった。

【考察】理想気体中でトレーサーのVACFが負の相関を示す
原因を考察する。結果より、衝突は独立ではなく、１回の
衝突の相関を見るだけではその原因はわからない。ここで
複数回の衝突の相関を解析するために、 �
を新たに導入した。解析結果を図２に示した。 � は
� のとき、 � で負の値を示していること
がわかる。これは、３回目以降の衝突で何かの相関が生じ
たことを意味する。本系の溶媒は理想気体なので、別個の理
想気体粒子との衝突が相関を持つことはない。存在しうる相
関は「同じ理想気体粒子と衝突する事象」のみだと考え、
� を1回目とn回目に同粒子、異粒子に衝突した場合に分け
て解析したところ、「同粒子と衝突する事象」が � が負に
なる現象を引き起こすことがわかった。

【結論】理想気体中のトレーサーのダイナミクスをシミュ
レーションで解析した。トレーサーのダイナミクスは � が１
より十分大きいとガウシアンノイズを仮定したGLEで書け、
� が1より十分小さいと衝突が独立な比較的簡単なダイナミク
スになる。一方で、 � が1より小さく � が１より大きいと、
MSDはプラトーを示し、VACFが負の相関を示すなど非自明
なダイナミクスが生じる。この原因は「同じ理想気体粒子と
の衝突」である。

【引用文献】
<�>�)��.PSJ
�1SPHSFTT�PG�5IFPSFUJDBM�1IZTJDT���
�����	����
��
<�>�#��+��"MEFS
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�BOE�5��&��8BJOXSJHIU
�+PVSOBM�PG�$IFNJDBM�
1IZTJDT���
������	����
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<�>�"��*��#VSTIUFJO�BOE�.��7��,SPOHBV[
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理想気体中の粒子の短時間ダイナミクス 
○仲井文明, 畝山多加志, 増渕雄一(名大院工)

１ 短時間ダイナミクスを理想系で理解

流体分子との衝突が数回の短時間で はノンガウシアン 
→短時間ダイナミクスは記述できない

W

 m d V
dt

= − ∫
t

−∞
Γ(t − t′�)V(t′�)dt′�+ W(t)

 トレーサー速度  
 メモリカーネル 
 ガウシアンノイズ

V :
Γ :
W :

流体中の粒子（トレーサー）の運動の記述に 
一般化ランジュバン方程式（GLE）が使われる

短時間ダイナミクスを理解したい 
→まずは単純な理想気体中で理解する

３ 速度の自己相関関数(VACF )　平均二乗変位(MSD ) ノンガウシアンパラメータ(NGP )= ⟨V(t)V(0)⟩/⟨V(0)2⟩ = ⟨Δr(t)2⟩ = 3⟨Δr(t)4⟩/5⟨Δr(t)2⟩2 − 1

理想気体中で非自明なダイナミクス 
初めての報告 

現象は単純？ 
軽いから反対方向に散乱されやすい？ 
トレーサーと理想気体粒子の個々の 
独立な衝突の連続で起きる現象？ 

以降「衝突」に注目 でVACFは負の相関 MSDは変曲点 NGPはピークM ≤ 1, ρ ≥ 1

6 何が相関を発生させている？
理想気体中で存在する相関は 
同粒子との衝突？ 
同粒子との衝突には 
最低３回の衝突が必要 
→ の結果と辻褄合う 
 を 回目に同粒子・異粒子と 
衝突した場合に切り分け 
   

　　 

γ(n)

γ (n) n

γ (n) = γIp+1=Ip+n(n) + γIp+1≠Ip+n(n)

= γs(n) + γd(t) 同粒子との衝突が相関を生み出す

5 複数回の衝突で相関発生
 回衝突後の相関を見たい 
→  を導入
n

γ (n) = ⟨Vp ⋅ Vp+n⟩p /⟨V2
p⟩p

３回以降の衝突で相関発生
7 ダイナミクスの分類

 log M

 log ρ

衝突独立

  
 
ρ = 1
M = 1

同粒子との 
衝突 

非自明な運動 ガウシアン 
ノイズのGLE

４ 一回の衝突で生じる現象か？
衝突前後の速度相関[3] をシミュレーションと理論で解析γ =

⟨Vp ⋅ Vp+1⟩p

⟨V2p⟩p

理論、シミュレーション共に常に は正→１回の衝突では説明できないγ

理論　     （以下を考慮し導出） 

・2体衝突における運動量&エネルギー保存 
・トレーサー表面の衝突点の分布 
・トレーサーの速度分布 
・衝突する流体粒子の速度分布（相対速度考慮） 

本質：表面をかする衝突もあり  
（かする衝突がない１次元では となり負になりうる）

γ = 3M
3M + 4m

γ > 0

γ = M − 2m
M + 2m

理論　

２ 三次元剛体シミュレーション[1]
・トレーサー１個 
　質量  サイズ  
・理想気体粒子10万個 
　数密度  質量  サイズ  
・温度：  
 で無次元化 
パラメータは のみ

M σ

ρ m 0
kBT

m , kBT, σ

M, ρ

Vp, τp Vp+1, τp+1

Vp+2, τp+2

以下を取得 
 回目の衝突時間間隔  
 回目の衝突直前のトレーサー速度  
 回目に衝突する理想気体粒子 

p − 1 ∼ p τp

p Vp

p Ip

 ：GLEで記述可 
 ：希薄で単純 

（本シミュレーションで確認済） 
↓ 

 を対象に 
トレーサーのダイナミクスを解析

M > > 1
ρ < < 1

M < 1, ρ > 1

参考文献 
[1] B. J. Alder, D. M. Gass, and T. E. Wainwright, Journal of Chemical Physics 53, 3813 (1970).  [2]A. Rahman, Physical review, f36, 2A, 1964.   [3] A. I. Burshtein and M. V. Krongauz, Journal of Chemical Physics 102, 2881 (1995).



理想気体中のトレーサーの短時間ダイナミクス 補助資料 
○仲井文明, 畝山多加志, 増渕雄一(名大院工)

 の理論的導出の概要γ = ⟨Vp ⋅ Vp+1⟩/⟨V2
p⟩

運動量保存とエネルギー保存より 
１回の衝突で速度は次のように変化

 Vp+1 = Vp + 2m
m + M

̂r ⋅ (vp − Vp) ̂r

   回目衝突直前のトレーサー速度 
   回目衝突直前の理想気体粒子速度 
 理想気体粒子質量 
 トレーサー質量 
 トレーサーと衝突粒子の相対位置ベクトル

Vp : p

vp : p

m :
M :
̂r :

以下を考慮し を計算 
相対位置ベクトルの分布関数 ：立体角を考慮 
トレーサー速度の分布関数 ：マクスウェルボルツマン分布（MB分布） 

衝突する理想気体の速度の分布関数 ：MB分布に相対速度の重み付け

γ

P ̂r( ̂r)

PVp
(Vp)

Pvp
(vp)

   γ = ∫ d ̂r ∫ d Vp ∫ dvp (Vp+1 ⋅ Vp) P ̂r( ̂r)PVp(Vp)Pvp(vp)

∫ d ̂r ∫ d Vp ∫ dvp (V2p) P ̂r( ̂r)PVp(Vp)Pvp(vp)
= 3M

3M + 4m

ちなみに１次元だと  で負になりうる 

γは次元に強く依存する

γ = M − 2m
M + 2m

３回目に同粒子と衝突する確率 P3(ρ)

 が小さいほど、 がおおきいほど は大きい 
ただし、一定確率にさちる
M ρ P3(ρ)

(番外）希薄気体中のトレーサーの自己拡散係数Dの質量依存性の理論的導出の概要

点：シミュレーション　線：理論

10-3
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100
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102
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104

D
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  ρ
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理想気体が希薄なとき 
拡散係数は 依存性を持つ 
 で  
 で  

衝突が独立と仮定し理論構築 
（フィットパラメータ一切なし） 

  

 （希薄下）で理論は 
シミュレーションとよく一致

M

M < 1 D ∝ M−1/2

M > 1 D ∝ M0

D = 1
ρσ2

kBT
8π

3M + 4m
mM(m + M )

ρ ≤ 1希薄下でトレーサーの自己拡散係数 は 
 依存性を示す

D
M

次の問題

・同粒子との衝突がなぜVACFやMSDやNGPの非自
明な挙動を起こすのか 

・３回目に同粒子と衝突するとバックリフレクショ
ンが起こる現象は分子衝突論から理解できそう 

・同粒子との衝突がトレーサーの拡散係数にも影響
を及ぼす（下図）が、なぜかは分かっていない 

・なぜ がさちる（左図）のかは分かっていない 
（１次元系なら分子衝突論から理解できそう）

P3(ρ)



理想気体中のトレーサーの短時間ダイナミクス

（名大院工）仲井　文明,　畝山　多加志,　増渕　雄一

【はじめに】
ɹ༹ഔதͷཻࢠʢҎ߱τϨʔαʔʣͷ୹ؒ࣌ͷμΠφϛΫε͸ɺΨ΢γΞϯϊΠζΛԾఆͨ͠ҰൠԽ
ϥϯδϡόϯํఔࣜʢ(-&ʣ<�>Ͱ͸هड़Ͱ͖ͳ͍ɻݱঢ়ɺτϨʔαʔͷ୹ؒ࣌μΠφϛΫεͷཧղ͸
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ղ͢Δඞཁ͕͋Δͱ͑ߟɺຊڀݚͰ͸पғྲྀମΛཧ૝ؾମͱͨ͠ɻ�
【方法】
ɹτϨʔαʔͷμΠφϛΫεΛγϛϡϨʔγϣϯͰղੳͨ͠ɻपڥظքΛ՝ͨ͠ϘοΫεதʹαΠζ
� ͷτϨʔαʔΛ̍ݸಋೖ͠ɺτϨʔαʔͱॏͳΒͳ͍Α͏ʹαΠζ�ͷཧ૝ؾମཻࢠΛ��ສݸϥϯμ
Ϝʹ഑ஔͨ͠ɻཻ֤ࢠͷॳظ଎౓͸ϚεΫ΢ΣϧϘϧπϚϯ෼෍ʹै͏Α͏ʹੜ੒ͨ͠ɻཻࢠͷ࠲ඪ
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ཧ૝ؾମཻࢠͷ࣭ྔ� Ͱ֨نԽͨ͠ɻຊܥ͸ɺτϨʔαʔͷ࣭ྔ� ͱཧ૝ؾମͷ਺ີ౓� ͷΈ͕ύϥ
ϝʔλͱͳΔɻ·ͨɺτϨʔαʔͱཧ૝ؾମཻࢠͷΈ͕૬࡞ޓ༻͢Δɻ�
【結果と考察】
ɹ� ͕�ΑΓे෼খ͍͞৔߹ɺτϨʔαʔͱཧ૝ؾମཻࢠͷݸʑͷিಥ͸ಠཱʹͳΓɺτϨʔαʔͷμ
ΠφϛΫε͸ൺֱత؆୯ʹͳΔɻ� ͕�ΑΓे෼େ͖͍ͱτϨʔαʔͷมҐ͸Ψ΢γΞϯʹͳΓɺτ
ϨʔαʔͷμΠφϛΫε͸Ψ΢γΞϯϊΠζΛԾఆͨ͠(-&Ͱۙࣅతʹهड़Ͱ͖ΔɻຊڀݚͰ͸ະ஌
ͷྖҬͰ͋Δɺ� ͕�ΑΓখ͍͞৔߹ɺ� ͕�ΑΓେ͖͍৔߹Λର৅ͱͨ͠ɻ� ͕�ΑΓे෼খ͘͞� ͕�
ΑΓे෼େ͖͍ͱɺฏۉೋ৐มҐʢ.4%ʣ͸ϓϥτʔΛࣔ͠଎౓ͷࣗݾ૬ؔؔ਺ʢ7"$'ʣ͸ෛͷ૬
ؔΛࣔͨ͠ɻपғྲྀମ͕ཧ૝ؾମͰ͋ΔܥͰ্هͷݱ৅͕ੜͨ͡ͱ͍͏ใྫࠂ͸ͳ͍ɻݸʑͷিಥ͕
ಠཱͳ৔߹ɺ7"$'ʹෛͷ૬͕ؔੜ͡Δʹ͸࣍ͷ͕̎ͭඞཁ৚݅ʹͳΔ<� >ɻ͢ͳΘͪ
ʮ� Ͱ͋Δ͜ͱʯ͓Αͼʮিಥͷִؒؒ࣌ͷ෼෍� ਺෼෍͔ΒͣΕΔ͜ࢦ͕
ͱʯͰ͋Δɻ͜͜Ͱ� ͸τϨʔαʔ͕� ճ໨ʹཧ૝ؾମཻࢠͱিಥ͢Δ௚લͷ଎౓ɺ� ͸� ճ໨ͱ
� ճ໨ͷিಥؒ࣌ͷִؒͰ͋ΔɻຊܥͰ͸ύϥϝʔλʹΑΒͣ�͸ਖ਼ʹͳΓɺ� ͸͓Αͦࢦ਺෼෍
ʹͳͬͨɻΑͬͯɺিಥ͸ಠཱͰ͸ͳ͍ɻෳ਺ճͷিಥͷ૬ؔΛݟΔඞཁ͕͋Δͱ͑ߟɺ
� ͱ͍͏ࢦඪΛ৽ͨʹಋೖ͠ղੳͨ͠ɻ� ͕�ΑΓे෼খ͘͞� ͕�ΑΓे෼େ͖͍
ͱ� ͸� ͔ΒෛʹͳΔͱ͍͏ඇࣗ໌ͳ݁Ռ͕ಘΒΕͨɻ͜Ε͸ɺ�ճ໨Ҏ߱ͷিಥͰԿ͔ͷ૬ؔ
͕ੜͨ͜͡ͱΛҙຯ͢Δɻཧ૝ؾମཻࢠಉ࢜͸૬࡞ޓ༻͠ͳ͍ͷͰɺଘ͏͠ࡏΔ૬ؔ͸ʮಉ͡ཧ૝ؾ
ମཻࢠͱিಥ͢Δࣄ৅ʯʹΑΓੜ͡Δͱ͑ߟΒΕΔɻ� Λ�ճ໨ͱOճ໨ʹಉཻࢠɺҟཻࢠʹিಥ͠
ͨ৔߹ʹ෼͚ͯղੳͨ͠ͱ͜Ζɺʮಉཻࢠͱিಥ͢Δࣄ৅ʯ͕� ͕ෛʹͳΔݱ৅ΛҾ͖͜͢͜ىͱ
͕Θ͔ͬͨɻ�
【結論】
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理想気体中のトレーサーの短時間ダイナミクス 
○仲井文明, 畝山多加志, 増渕雄一(名大院工)

１ 短時間ダイナミクスを理想系で理解

流体分子との衝突が数回の短時間で はノンガウシアン 
→短時間ダイナミクスは記述できない

W

 m d V
dt

= − ∫
t

−∞
Γ(t − t′�)V(t′�)dt′�+ W(t)

 トレーサー速度  
 メモリカーネル 
 ガウシアンノイズ

V :
Γ :
W :

流体中のトレーサーの運動は 
一般化ランジュバン方程式（GLE）で記述される

短時間ダイナミクスを理解したい 
→まずは単純な理想気体中で理解する

３ 速度の自己相関関数（VACF ）とノンガウシアンパラメータ（NGP )[2]= ⟨V(t) ⋅ V(0)⟩/⟨V2(0)⟩ = ⟨3Δr4⟩/⟨5Δr2⟩ − 1

 →VACFが負の相関　NGPが大きなピークM < 1  →VACFが負の相関　NGPが大きなピークρ > 1

理想気体中であるにも関わらず非自明なダイナミクスを観測　　 を調べるM ≤ 1, ρ ≥ 1

 違いM  違いρ

6 何が相関を発生させている？
理想気体中で存在しうる相関は同粒子との衝突？ 
同粒子との衝突には最低３回の衝突が必要→ の結果と辻褄合うγ(n)

 を 回目に同粒子・異粒子と 
衝突した場合で切り分ける 
　  
  

 

γ (n) n

γ(n)
= γIp+1=Ip+n

(n) + γIp+1≠Ip+n
(n)

= γs(n) + γd(t)

同粒子との衝突が負の相関を生み出す

5 複数回の衝突で相関発生
 回衝突後の相関を見たい 
→  を新導入
n

γ(n) = ⟨Vp ⋅ Vp+n⟩p /⟨V2
p⟩p

 は で負（相関発生）γ(n) n ≥ 3

7 ダイナミクスの分類

 log M

 log ρ

衝突独立

  
 
ρ = 1
M = 1

同粒子との 
衝突 

非自明な運動 ガウシアン 
ノイズのGLE

４ トレーサーと理想気体粒子の個々の衝突は独立？
衝突が独立なとき 
VACFが負の相関を 
持つための必要条件[3] 

①衝突前後の速度相関 

　 が負 

　　　　かつ 
②衝突時間間隔分布 
　 が指数分布ではない

γ =
⟨Vp ⋅ Vp+1⟩p

⟨V2p⟩p

P(τ)

常に は正で は指数分布 
しかし、VACFは負の相関 
→理想気体中でも 
　個々の衝突は独立ではない

γ P(τ)

２ 剛体シミュレーション[1]
・トレーサー１個 
　質量  サイズ  
・理想気体粒子10万個 
　数密度  質量  サイズ  

・温度：  

 で無次元化 
パラメータは のみ

M σ

ρ m 0

kBT

m, kBT, σ

M, ρ

Vp, τp

Vp+1, τp+1

Vp+2, τp+2

以下を取得 
 回目の衝突時間間隔  
 回目の衝突直前のトレーサー速度  
 回目に衝突する理想気体粒子 

p − 1 ∼ p τp

p Vp

p Ip

参考文献 
[1] B. J. Alder, D. M. Gass, and T. E. Wainwright, Journal of Chemical Physics 53, 3813 (1970).  [2]A. Rahman, Physical review, f36, 2A, 1964.   [3] A. I. Burshtein and M. V. Krongauz, Journal of Chemical Physics 102, 2881 (1995).



理想気体中のトレーサーの短時間ダイナミクス 補助資料 
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理想気体中のトレーサーのVACF、MSD、NGP

 で 
負の相関
M < < 1, ρ > > 1  で 

プラトー
M < < 1, ρ > > 1  で 

大きなピーク
M < < 1, ρ > > 1

周囲流体が理想気体でも特定の状況下で 
VACFは負の相関、MSDはプラトー、NGPは大きなピークを示す

 の理論的導出の概要γ = ⟨Vp ⋅ Vp+1⟩/⟨V2
p⟩

運動量保存とエネルギー保存より 
１回の衝突で速度は次のように変化

 Vp+1 = Vp + 2m
m + M

̂r ⋅ (vp − Vp) ̂r

   回目衝突直前のトレーサー速度 
   回目衝突直前の理想気体粒子速度 
 理想気体粒子質量 
 トレーサー質量 
 トレーサーと衝突粒子の相対位置ベクトル

Vp : p

vp : p

m :
M :
̂r :

以下を考慮し を計算 
相対位置ベクトルの分布関数 ：立体角を考慮 
トレーサー速度の分布関数 ：マクスウェルボルツマン分布（MB分布） 

衝突する理想気体の速度の分布関数 ：MB分布に相対速度の重み付け

γ

P ̂r( ̂r)

PVp
(Vp)

Pvp
(vp)

   γ = ∫ d ̂r ∫ d Vp ∫ dvp (Vp+1 ⋅ Vp) P ̂r( ̂r)PVp(Vp)Pvp(vp)

∫ d ̂r ∫ d Vp ∫ dvp (V2p) P ̂r( ̂r)PVp(Vp)Pvp(vp)
= 3M

3M + 4m

ちなみに１次元だと  で負になりうる 

γは次元に強く依存する

γ = M − 2m
M + 2m

同粒子との衝突確率 P(ρ)

 が小さいほど、 がおおきいほど 
 は大きい 
ただし、一定確率にさちる

M ρ

P(ρ)

（番外）自己拡散係数Dの質量依存性

点：シミュレーション 
線：理論
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IN DILUTE FLUID, SELF DIFFUSION COEFFICIENT OF TRACER DEPENDS ON ITS MASS 

Fumiaki Nakai, Takashi Uneyama and Yuichi Masubuch 
Graduate School of Engineering. Nagoya University. Nagoya 464-8603 

nakai.fumiaki@b.mbox.nagoya-u.ac.jp 
Introduction 
 In general, the self diffusion coefficient !  of the massive tracer immersed in a solvent obeys the Stokes-Einshtein 
relation(SE)[1]. If  obeys the SE,  does not depend on the tracer mass . However, when the tracer is not sufficiently 
larger than the solvent molecule, the SE can be violated. In such a case,  depends on [2]. In the previous research[2], 
!  dependence of !  of the tracer in a Lennard-Jones liquid was investigated. The multi-body correlation between the 
fluid particles induces a complex phenomenon. In our study, we consider a simple system without the multi-body 
correlation of the fluid particles, to reveal the tracer dynamics. We investigated the !  dependence of !  of the tracer in 
the ideal gas. 

Simulation 
 We employed the hard sphere simulation[3]. We put one tracer and  particles in the simulation box imposed periodic 
boundary conditions. We express the masses of the tracer and gas particles as !  and ! , the size of the tracer as !  (the 
ideal gas particle size is zero), the temperature of the system as ! , and the number density of gas particles as ! . Then, ! , 
! , !  are chosen as unity ( !  is the Boltzmann constant). With these dimensionless units, the system can be specified 
only by !  and ! . The !  dependences of !  of the tracer for several !  obtained from our simulation are shown in Fig.1. 
For ! , !  dependence of !  is !  when ! , whereas !  when ! .  Such results have not 
been reported in the literature. On the other hand, for ! , !  is almost independent of ! . 

Theory 
 To understand the nontrivial !  dependence of ! , we constructed a theoretical 
model. Burshtein analyzed the velocity autocorrelation function !  focusing on 
the collisional dynamics theoretically[4]. Following Burshtein, we assumed the 
successive collision events are statistically independent. The time interval 
distribution between successive collisions !  is given by exponential. Also, the 
velocity correlation before and after a collision is independent of the time interval. 
We express the velocity after the p-th collision as ! . We introduced 
!  as a constant which characterizes the velocity change by a 
collision. From ! , we can calculate !  by the following equation. 

 !  

Where  !  is the average interval between collisions.To determine the !  dependence 
of ! , we must calculate !  and ! . We theoretically calculated !  and !  by calculating 
statistical averages of a collision process, in which the momentum and the kinetic 
energy are conserved. Finally, we have following expressions for ! , !   and ! . 

!  

In dimensionless units, !  becomes ! . The result is shown in 
Fig.1 by solid curves. For ! , theoretical results agree almost perfectly with the simulation results. However, for 
!  the theoretical value does not agree with the simulation results. This inconsistency would be due to the fact that 
the several collisions between the tracer and the ideal gas particles are not statistically independent for .[5] 
  
Conclusion 
 We investigated the !  dependence of !  of the tracer in the ideal gas by numerical simulations and theoretical analysis. 
From the simulation results, we found the nontrivial !  dependence of !  for ! . We developed theory which can 
explain the nontrivial !  dependence of !  for !  obtained by the simulation. 

References: 
1. J.-P. Hansen and I. R. McDonald, Theory of Simple Liquids, (Academic, London, 1986 ︎). 
2. F. Ould-Kaddour and D. Levesque, Physical Review E 63, 9, 011205 (2001). 
3. B. J. Alder, D. M. Gass, and T. E. Wainwright, Journal of Chemical Physics 53, 3813 (1970). 
4. A. I. Burshtein and M. V. Krongauz, Journal of Chemical Physics 102, 2881 (1995). 
5. F. Nakai, T. Uneyama and Y. Masubuchi, Soft matter kenkyukai, poster, P10 (2019)  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M D
C (t )

P (τ)

Vp
γ = ⟨Vp ⋅ Vp+1⟩/⟨V2

p⟩
C (t ) D

D = kBT
M ∫

∞

0
C (t )d t = kBT τ

M(1 − γ)
τ M

D τ γ γ τ

γ τ D

γ = 3M
3M + 4m

, τ = 1
ρσ2

2m M
πkBT (m + M ) , D = 1

ρσ2
kBT
8π

3M + 4m
m M(m + M )

D (3M + 4)/ 8π ρ2M (1 + M )
ρ ≤ 1

ρ > 1
ρ > 1

M D
M D ρ < 1

M D ρ ≤ 1

Fig.1 !  dependence of !  of 
tracer in ideal gas for several ! . 
Dots and Lines show the 
simulation and theoretical results.

M D
ρ



IN DILUTE GAS, THE DIFFUSION COEFFICIENT OF TRACER 
DEPENDS ON ITS MASS 

○F. Nakai, T. Uneyama and Y. Masubuchi (Nagoya university)
1 Mass depends on diffusion constant  D

Stokes-Einstein relation(SE) 
  

  

⟨Δr2(t)⟩ = 6Dt

D = kBT
3π ησ

When tracer is not sufficiently large, 
 depends on tracer mass  nontrivially[1] 

We want to know nontrivial   dependence of   
Consider simple system 
Tackle by simulation and theory

D M

M D

Δr (t)σ

2 Target: Tracer diffusion in ideal gas

Investigate   dependence of   by changing  M D ρ

Ideal gas mass
Tracer size
Temperature
Tracer mass
Number density
Ideal gas size

T

m
σ

M
ρ
0

Unit

Only 2 
Parameters

[1]F. Ould-Kaddour and D. Levesque, Physical Review E 63, 9, 011205 (2001).   [2] B. J. Alder, D. M. Gass, and T. E. Wainwright, Journal of Chemical Physics 53, 3813 (1970).  
[3] A. I. Burshtein and M. V. Krongauz, Journal of Chemical Physics 102, 2881 (1995).  [4] F. Nakai, T. Uneyama and Y. Masubuchi, Bunshi simulation gakkai, Oral 304S and Poster 114P

3 Hard sphere simulation[2]
  is calculated from   

Points 
　　　　・For  ,   depends on   
　　　　・For  ,   do not depends on  

D ⟨Δr2(t)⟩

ρ ≤ 1 D M

ρ > 1 D M

4 Theory based on stochastic collision dynamics

  derived from Green-Kubo formula 

　　　　　　 

D

D = 1
3 ∫

∞

0
⟨V(t) ⋅ V(0)⟩dt = τkBT

M(1 − γ) ⋯(1)

1 Velocity after collision depend only on one before collision 

         : Velocity just before p-th collision 

2 Distribution of collision time interval is exponential 
　        : Collision time interval

∫ d Vp+1Vp+1P(Vp+1 |Vp) = γVp Vp

P(τ) = τ exp (−τ /τ ) τ

Assumption

From equations (1),(2),(3)    D = 1
ρσ2

kBT
8π

3M + 4m
mM(m + M )

Analyze   and   by considering distribution of  ,   and  γ τ Vp up ̂rp

Tracer velocity autocorrelation function derived by Burshtein

up

Vp

̂rp

Vp+1

From conservation of momentum and energy 

　　 γ = ⟨Vp ⋅ Vp+1⟩/⟨V2
p⟩ = 3M

3M + 4m
⋯(2)

|up − Vp |Consider collision frequency 

 1
τ̄

= ρσ2 πkBT (m + M )
2mM

⋯(3)

5 Compare our theory with simulation results

Theory perfectly reproduces 
  and   from simulationγ τ

For   
Theory reproduces   from simulation 

For   
Theory does not reproduce   from simulation 
Several collisions have correlation attributed to 
collisions with same ideal gas particles[4] 
→Assumption 1 is not correct for  

ρ ≤ 1
D

ρ > 1
D

ρ > 1

For   and  ,   depends on  . We clarified this mechanismM ≤ 1 ρ ≤ 1 D M

Vp

Vp+1

Vp+2Vp+3

  is related to  Vp+3 Vp

⟨V(t) ⋅ V(0)⟩ = 3kBT
M

exp (− 1 − γ
τ

t)   : constantγ, τ
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Velocity change due to collision of tracer in ideal gas in arbitrary dimension

F. Nakai, Y. Doi, T. Uneyama, and Y. Masubuchi

Graduate School of Engineering, Nagoya University

ABSTRACT

We studied the velocity change of a tracer par-

ticle due to the single collision with an ideal gas

particle by using the kinetic theory in arbitrary

dimensions. We calculated the correlation of the

tracer velocity before and after a collision event,

γ1. We analytically calculated γ1 and obtained the

explicit expression in terms of the mass and the di-

mensions. Our analytical expression shows that γ1

depends on the dimensions rather strongly.

1. ॹݴ

ྲྀମதʹཻࢠʢҎ߱τϨʔαʔͱݺͿʣΛු͔΂Δ

ͱɼτϨʔαʔ͸ྲྀମ෼ࢠͷিಥʹۦಈ͞Εͯϥϯ

μϜʹӡಈ͢Δ (ϒϥ΢ϯӡಈ)ɽ͜ͷΑ͏ͳϥϯμ

Ϝͳӡಈ͸ϥϯδϡόϯํఔࣜͱ͍͏ܗͰ֬཰ඍ෼

ํఔࣜΛ༻͍ͯهड़͞ΕΔ͜ͱ͕ଟ͍ɽϥϯδϡό

ϯํఔࣜ͸͞·͟·ͳ͘޿ʹܥద༻͞Ε͍ͯΔ͕ɼͦ

ͷద༻ൣғʹ͸ݶք͕͋ΔɽϥϯδϡόϯํఔࣜͰ

͸पғͷྲྀମ෼ࢠͷଟ਺ճͷিಥΛૈࢹԽͯ͠ѻͬ

͍ͯΔͨΊɼিಥ͕਺͑ΒΕΔఔ౓ͷճ਺͔͠ੜ͡

ͳ͍Α͏ͳ୹ྖؒ࣌Ҭͷӡಈʹରͯ͠͸͑࢖ͳ͍ɽ

ྫ͑͹ɼYamaguchi ͱ Kimura ͸ [1] ͸رബؾମத

ͷτϨʔαʔͷӡಈΛγϛϡϨʔγϣϯͰղੳͯ͠

͓Γɼ୹ྖؒ࣌ҬͰτϨʔαʔͷมҐ෼෍͕ඇΨ΢

εతʹͳΓɼτϨʔαʔͷӡಈ͕ϥϯδϡόϯํఔ

ࣜͰॻ͚ͳ͍͜ͱΛ͍ࣔͯ͠Δɽ

ྲྀମதͷཻࢠͷ୹ؒ࣌ͷӡಈΛهड़͢Δʹ͸ɼӡ

ಈͷૉաఔͰ͋ΔʮτϨʔαʔͱྲྀମ෼ࢠͷিಥʯ

ʹཱͪฦΔඞཁ͕͋ΔɽҎ߱ɼ؆୯ԽͷͨΊʹɼτ

Ϩʔαʔͱྲྀମ෼ࢠͷিಥΛີݫʹఆٛͰ͖Δ߶ମ

ମதͷτϨʔαʔͷӡྲྀٿΔɽ߶ମ͑ߟϞσϧΛٿ

ಈ͸ɼিಥִؒؒ࣌ͱྲྀମ෼ࢠͱͷিಥʹΑΔ଎౓

มԽͰ׬શʹܾ·Δɽ߶ମྲྀٿମதͷτϨʔαʔͷ

ӡಈΛཧ࿦తʹղੳͨ͠΋ͷͱͯ͠ɼBurshtein ͱ

Krongauzͷڀݚ [2]͕͋Δɽ൴Β͸ɼτϨʔαʔʹ

ର͢Δিಥִؒؒ࣌ͱ଎౓มԽʹ୯७ͳ֬཰෼෍Λ

Ծఆ͠ɼ͞ Βʹ͜ΕΒ͕ಠཱͰ͋Δͱͯ͠τϨʔαʔ

ͷ଎౓ͷؒ࣌૬ؔؔ਺Λಋ͖ɼ଎౓૬͕ؔෛʹͳΓ

͏Δ͜ͱ౳Λ͍ࣔͯ͠Δɽ͔͠͠ɼ൴ΒͷϞσϧͰ

͸࢖༻͍ͯ͠Δিಥύϥϝʔλͱݸʑͷ߶ମٿಉ࢜

ͷিಥͷؔ܎ʹؔͯ͠͸͞ٴݴΕ͍ͯͳ͍ɽຊڀݚ

Ͱ͸ɼ೚ҙͷۭؒݩ࣍ʹ͓͚ΔτϨʔαʔͷ଎౓૬

ؔؔ਺Λিಥͷ౷ࡉৄ͍ͯͮجʹܭʹௐ΂Δɽ

2. িಥͷ౷ܭ
զʑ͸ۙ࠷ɼྲྀମதͷτϨʔαʔཻࢠͷিಥͷ౷

ମʹු͔΂ͨτϨʔαʔؾΛཧղ͢ΔͨΊʹɼཧ૝ܭ

ͷӡಈΛ̏ݩ࣍ͷ߶ମγϛϡϨʔγϣϯͰղੳͨ͠

[3]ɽ͜ͷܥ͸ɼཧ૝ؾମ෼ࢠͷ࣭ྔmͱτϨʔαʔ

ͷαΠζ σ ͱ֤ࣗ༝౓ͷӡಈΤωϧΪʔͷฏۉ kBT

Ͱແݩ࣍Խ͢ΔͱɼτϨʔαʔͷ࣭ྔM∗ͱཧ૝ؾମ

ͷ਺ີ౓ ρ∗ ͚ͩͰಛ௃෇͚ΒΕΔ؆୯ͳܥͰ͋Δɽ

τϨʔαʔͱྲྀମ෼ࢠͷিಥΛղੳ͢ΔͨΊɼզʑ

͸ෳ਺ճͷিಥ͕ੜͨ͡ޙͷ଎౓૬ؔͷࢦඪ

γn = 〈V0 ·Vn〉coll/〈V 2
0 〉coll (1)

Λಋೖͯ͠ղੳΛͨͬߦɽ͜͜ͰɼV0,Vn ͸িಥલ

ͱ nճিಥޙͷτϨʔαʔͷ଎౓Λɼ〈· · · 〉coll ͸ɼি
ಥʹ͓͚Δ౷ܭฏۉΛද͍ͯ͠ΔɽγϛϡϨʔγϣ

ϯͷ݁Ռɼ M∗ ͕े෼খ͘͞ ρ∗ ͕े෼େ͖͍ͱ͖

ʹɼγ1 ͸ࢦ਺ؔ਺తʹݮগ͠ͳ͍͜ͱ͔Βɼিಥ͕

૬ؔ͢Δ͜ͱ͕෼͔ͬͨɽҰํͰɼγ1ʢ1ճͷিಥલ

ͷ଎౓૬ؔʣ͸ޙ ρ ʹґଘͤͣɼM∗ ͕े෼খ͍͞

৔߹͸ 0 ʹ઴ۙ͠ɼM∗ ͕े෼େ͖͍৔߹͸ 1 ʹ઴

ۙ͢Δ͜ͱ͕෼͔ͬͨɽ·ͨɼγ1 ͷγϛϡϨʔγϣ

ϯ݁Ռ͸ؾମ෼ࢠӡಈ࿦ʹͮ͘جղੳͱ΋੔߹ͨ͠ɽ

͔͠͠ɼ͜ͷ γ1 ͷ݁Ռ͸௚ײత༧ଌͱ͸ඞͣ͠΋

߹க͠ͳ͍ɻτϨʔαʔͷ࣭ྔM∗ ͕খ͍͞ͱɼτ

Ϩʔαʔͷฏۉ଎౓͸ϚΫε΢ΣϧɾϘϧπϚϯ෼

෍ʹै͍େ͖͘ͳΔͨΊʹɼྲྀମ෼ࢠͱਖ਼໘িಥ͢



Δ֬཰͕େ͖͘ͳΔɽ·ͨɼM∗ ͕খ͍͞ͱ̍ճͷ

িಥͰτϨʔαʔͷ଎౓ϕΫτϧ͸༰қʹҟͳΔํ

΁ͱมԽ͢Δɽͦͷ݁Ռͱͯ͠ɼτϨʔαʔͷ଎޲

౓͸ྲྀମ෼ࢠͱͷ 1 ճͷিಥͰ͖޲ٯʹͳΔʢ͢ͳ

Θͪ γ1 < 0ͱͳΔʣΑ͏ʹࢥΘΕΔɽ͜Ε͸ઌ΄Ͳ

ड़΂ͨγϛϡϨʔγϣϯͱཧ࿦ͷ݁ՌͱҰக͠ͳ͍ɽ

͜ͷΑ͏ͳ͜ͱ͕͜ىΔݪҼͱͯ͠ɼ଎౓૬͕ؔ

ڀݚΒΕΔɽຊ͑ߟґଘ͍ͯ͠Δ͜ͱ͕ʹݩۭ࣍ؒ

Ͱ͸ γ1 ͷཧ࿦ղੳΛ೚ҙͷݩ࣍Ͱ࣮͢ࢪΔ͜ͱͰɼ

Ͱݩ࣍̏ γ1 ͕ෛʹͳΒͳ͍ݪҼΛಥ͖ࢭΊΔɽ೚ҙ

ͷݩ࣍ʹ͓͚Δিಥͷ౷ܭͷཧ࿦ղੳ͸ɼিಥؒ࣌

ִؒͷ෼෍ʹ͍ͭͯ͸ͳ͞Ε͍ͯΔ [4] ͕ɼγ1 ͷΑ

͏ͳ଎౓มԽͷࢦඪʹ͍ͭͯ͸࣮͞ࢪΕ͍ͯͳ͍ɽ

3. ӡಈ࿦ʹΑΔղੳࢠମ෼ؾ
෺ཧΛ໌֬ʹ͢ΔͨΊɼ͜͜Ͱ͸ແݩ࣍ԽΛߦΘ

ͣʹղੳΛ࣮͢ߦΔɽฏߧঢ়ଶʹ͓͍ͯɼ࣭ྔmͰ

αΠζ͕ 0ͷ࣭఺ʹΑΓߏ੒͞ΕΔ N ͷཧۭؒݩ࣍

૝ؾମཻࢠதʹɼ࣭ ྔM ͰαΠζ͕ σͷτϨʔαʔ

Λಋೖͨ͠ܥΛ͑ߟΔɽτϨʔαʔ͕଎౓ V0 Ͱӡ

ಈ͍ͯ͠Δͱ͖ʹɼཧ૝ؾମ෼͕ࢠ଎౓ v0 Ͱিಥ͢

ΔͱɼN ͷΑ͏࣍τϨʔαʔͷ଎౓͸͍͓ͯʹݩ࣍

ʹมԽ͢Δɽ

V1 = V0 +
2m

m+M
(v0 −V0) · r̂r̂ (2)

͜͜Ͱɼr̂͸ɼিಥ࣌ʹ͓͚ΔτϨʔαʔཻࢠͱཧ૝

ͷத৺ؒΛ݁ͿϕΫτϧͰ͋Δɽ྆ล͔Βࢠମ෼ؾ

V0 Λ಺ੵͯ͠িಥʹؔ͢Δ౷ܭฏۉΛ͑ߟΔͱࣜ࣍

ΛಘΔɽ

〈V1 ·V0〉coll = N−1

∫
dV0

∫
dv0

∫
dr̂|v0 −V0|

× PMB(M,V0)PMB(m,v0)Pr̂(r̂)

×
(
V0 +

2m

m+M
(v0 −V0) · r̂r̂

)
·V0 (3)

͜͜ͰɼN ͸֬཰ͷ֨نԽҼࢠɼPMB(M,V0)ɼ

PMB(m,v0) ͸ϚΫε΢ΣϧɾϘϧπϚϯͷ଎౓෼

෍ɼPr̂(r̂)͸ r̂ͷ෼෍Λද͢ɽ྆ลΛ 〈V2
0〉collͰׂͬ

ͷ࣍ΛਐΊΔͱɼࢉܭͯ γ1 ΛಘΔɽ

γ1 =
NM + (N − 3)m

NM + (N + 1)m
=

NM∗ + (N − 3)

NM∗ + (N + 1)
(4)

γ1 ͸ແݩ࣍Խͨ͠τϨʔαʔͷ࣭ྔ M∗ ͱݩ࣍ N

ʹґଘ͍ͯ͠Δ͜ͱ͕෼͔ΔɽN = 3ͷͱ͖ɼࣜ (4)

͸զʑͷҎલͷղੳ݁Ռ [3]ͱҰக͢Δɽ

4. ݁Ռٴͼ࡯ߟ
ݩ֤࣍ N ʹ͓͚Δ γ1 ͷM ґଘੑΛਤ 1ʹࣔ͢ɽ

ΑΒͣʹɼMʹݩ࣍ ͷ૿େʹ൐͍ γ1͸୯ௐʹ૿େ͠

1ʹ઴ۙ͢Δ͜ͱ͕෼͔Δɽ͜Ε͸ɼτϨʔαʔͷ࣭

ྔM ͕େ͖͍ͱ͖͸ɼ1ճͷཧ૝ؾମ෼ࢠͱͷিಥ

Ͱ଎౓͕ຆͲมԽ͠ͳ͍͜ͱΛද͍ͯ͠ΔɽҰํͰɼ

M ͕ 1 ΑΓখ͍͞ྖҬʹ͓͍ͯ͸ γ1 ͸ݩ࣍ʹΑͬ

ͯҟͳΔৼΔ෣͍Λ͍ࣔͯ͠Δɽ͢ͳΘͪɼN = 1

ͷͱ͖͸ γ1 ͸ −1 ʹ઴ۙ͠ɼݩ࣍ͷ૿େʹ൐͍ γ1

͸૿େ͠ɼN ͕े෼େ͖͍৔߹ʹ͸ 1ʹۙͮ͘͜ͱ

͕෼͔Δɽ͜ͷΑ͏ͳݩ࣍ґଘੑ͸ɼࣜ (3) ʹ͓͍

ͯM → 0 ͱ͢Δ͜ͱͰղੳͰ͖Δɽݩ࣍ґଘੑ͸

িಥ࣌ͷτϨʔαʔͱྲྀମ෼ࢠͷத৺ؒΛ݁Ϳ୯Ґ

ϕΫτϧͷ෼෍ r̂ ͷӨڹʹґΔ΋ͷͰ͋Δ͜ͱΛࣔ

͢͜ͱ͕Ͱ͖Δɽ͢ͳΘͪɼM → 0ʹ͓͚Δ N ͷ

૿Ճʹ൐͏ γ1 ͷ૿Ճ͸ɼN ͷ૿େʹ൐͍τϨʔαʔ

͕ཧ૝ؾମ෼ࢠͱࡲΔΑ͏ʹিಥ͢Δ֬཰͕େ͖͘

ͳΓɼͦͷ݁Ռͱͯ͠িಥ࣌ʹ௓Ͷฦ͞ΕΔ֬཰͕

গ͢ΔͨΊʹੜ͡ΔͱղऍͰ͖Δɽݮ

5. ݁࿦
೚ҙͷݩ࣍ͰτϨʔαʔཻࢠͷ γ1 Λཧ࿦తʹಋग़

ͨ͠ɽ3ݩ࣍Ͱ γ1 ͕ෛʹͳΒͳ͍ཁҼ͸ɼݩ࣍ͷ૿

େʹ൐͍τϨʔαʔͱؾମཻࡲ͕ࢠΔΑ͏ͳܗͰͷ

িಥͷد༩͕૿͑Δ͜ͱͰ͋Δͱ໌Β͔ͱͳͬͨɽ

Fig.1 Mass M dependence of velocity correla-

tion before and after collision, γ1, for various

dimensions N .
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任意次元における理想気体中の粒子の衝突による速度変化 
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1 背景：流体中のトレーサー粒子の短時間運動の複雑さ
ランジュバン方程式によるブラウン運動の記述

m ·V(t) = − ηV(t) + W(t)

：トレーサー質量　 ：速度　 
：粘性抵抗　 ：ガウシアンノイズ

m V
η W

は分子衝突が数回程度の時間領域でノンガウシアン 
→ランジュバン方程式は短時間領域で使えない[1]
W

運動の相関 構造の相関

　→まず簡単な系でトレーサーの短時間運動を理解する

流体分子同士の相互作用で難解な相関が生じる[2]

2 これまでの研究：理想気体中のトレーサーの短時間運動の衝突に着目した解析[3]
対象：理想気体中のトレーサー

トレーサー 
サイズ  
質量

σ
M

理想気体 
サイズ  
質量  
数密度

0
m

ρ

運動エネルギー平均kBT

で無次元化 
→パラメータは だけ

m , σ, kBT

M, ρ

1.0

0.8

0.6

0.4

0.2

0.0
γ n

1086420

衝突回数n

　　M ,     ρ
 1,      1
 1,      100
 0.01, 1
 0.01, 100

で負相関M < < 1,ρ > > 1

３回以上の 
衝突を経て負相関

速度の時間相関関数(VAC) 
⟨V(t / τ̄ ) ⋅ V(0)⟩/⟨V2⟩

速度相関の衝突回数依存性 
γn = ⟨Vn ⋅ V0⟩coll /⟨V2⟩coll

1.0

0.8

0.6

0.4

0.2

0.0

VA
C

121086420

t / τ

       M ,     ρ
 1,      1
 1,      100
 0.01, 1
 0.01, 100

衝突に着目

１回の衝突で 
負相関は出ない

4 理論解析：N次元で を計算γ1

の質量 と次元 の依存性を解析できた 
のとき は１、２次元では負、３次元以上で正となる

γ1 M N

M → 0 γ1

衝突頻度×衝突前後の速度の内積/規格化因子 

 

γ1 = ∫
=

∫ d ̂r ∫ d Vt ∫ d vgPd( ̂r)Pt(Vt)Pg(vg) |Vt − vg |(Vt ⋅ V′ t)
∫ d ̂r ∫ d Vt ∫ d vgPd( ̂r)Pt(Vt)Pg(vg)(V2t )

= N M + N − 3
N M + N + 1

Vt

V′ t

vi

̂r

：マクスウェル分布 

：衝突角度分布

Pt (Vt ), Pg(vg)

Pd ( ̂r)

5 考察： 領域の衝突角度 に着目した解析M < < 1 ϕ1

次元によらず で正 
高角側で掠る

ϕ1 > π /2

衝突角度の確率密度

 γ1 = lim
M→0

γ1 = lim
M→0

∫ d ̂r ∫ d Vt ∫ d vgPd( ̂r)Pt(Vt)Pg(vg) |Vt − vg |

∫ d ̂r ∫ d Vt ∫ d vgPd( ̂r)Pt(Vt)Pg(vg) |Vt − vg |
Vt ⋅ V′ t

V2t

=∫ P ̂r( ̂r)d ̂r(1 − 2 cos2 ϕ1)=∫ (N − 1)cos ϕ1 sinN−2 ϕ1d ϕ1(1 − 2 cos2 ϕ1)

-1.0

-0.5

0.0

0.5

1.0

V t
·V

t'/
V
2 t

1.5700.7850.000

衝突角度φ1

衝突前後の速度の内積

Vt
ϕ1

次元の増大に伴い高角側の 
掠り衝突が増加

1.5

1.0

0.5

0.0

P
(φ

1)

1.5700.7850.000

衝突角度φ1

次元
 2D
 3D
 4D
 10D

6結論：問題の原因は掠る衝突

１次元

２次元

３次元

次元の増大に伴い掠る衝突増加 
→次元が３以上で は非負γ1

３目的：１回の衝突 の理解γ1

質量が小さいと 
・速さが大きいので正面衝突 
・１回の衝突で運動量が容易に変化 
→１回の衝突で速度の負相関が起きそう

しかし実際は１回の衝突で負相関は生じない 
なぜ？

３次元で は常に正だが直感的には奇妙γ1
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1.1 ͸͡Ίʹɹྲྀମதͷখ͞ͳཻࢠʢҎ߱τϨʔαʔͱ͢Δʣ͸

ϒϥ΢ϯӡಈ͢Δɽϒϥ΢ϯӡಈ͸ϥϯδϡόϯํఔࣜͰهड़͞

ΕΔ͜ͱ͕ଟ͍͕ద༻ൣғʹݶք͕͋Δɽྫ͑͹ɼτϨʔαʔͱ

ྲྀମ෼ࢠͷিಥ͕े෼ͳճ਺ੜ͡ͳ͍୹͍ؒ࣌εέʔϧͰ͸ɼϥ

ϯδϡόϯํఔࣜ͸͑࢖ͳ͍ [1, 2]ɽͦͷΑ͏ͳ୹͍ؒ࣌εέʔ

ϧͷӡಈΛٞ࿦͢Δʹ͸ɼτϨʔαʔͱྲྀମ෼ࢠͷিಥΛ͋ΒΘ

Δɽ͑ߟΛܥٿΔඞཁ͕͋ΔɽҎ߱ɼ؆୯ԽͷͨΊʹ߶ମ͑ߟʹ

ྲྀମ͕رബͰ͋Ε͹ɼτϨʔαʔͷӡಈ͸ Enskog ཧ࿦ [3] ͰΑ

ಉࢠബͰͳ͍৔߹ʹ͸ɼྲྀମ෼رड़Ͱ͖ΔɽҰํͰɼྲྀମ͕ه͘

ͳಈత૬͕ؔੜ͡ΔͨΊࡶͰෳڹͷӨ༺࡞ޓͷ૬࢜ Enskogཧ࿦

͸͑࢖ͳ͍ɽ

1.2 িಥͷ౷ܭɹͦͷΑ͏ͳෳࡶͳτϨʔαʔͷӡಈΛཧղ͢Δ

ͨΊʹɼ·ͣ͸ྲྀମ෼ࢠಉ࢜ͷ૬࡞ޓ༻͕ͳ͍؆୯ͳܥΛཧղ͢

Δඞཁ͕͋Δͱͯ͑ߟɼզʑ͸ۙ࠷ɼཧ૝ؾମதͷτϨʔαʔͷ

୹ؒ࣌ӡಈΛղੳͨ͠ [4]ɽτϨʔαʔͷ଎౓ͷؒ࣌૬ؔؔ਺͸ɼ

τϨʔαʔͷ࣭ྔ͕খ͘͞ཧ૝ؾମͷ਺ີ౓͕େ͖͍৔߹ʹ୹࣌

ؒྖҬͰෛ஋Λࣔ͢͜ͱ͕෼͔ͬͨɽ଎౓ͷিಥճ਺ʹର͢Δ૬

ؔΛղੳ͢ΔҎԼͷࢦඪΛಋೖͨ͠ɽ

γ(n) = 〈V0 · Vn〉coll/〈V 2
0 〉coll (1)

Vi ͸ iճিಥޙͷτϨʔαʔͷ଎౓ɼ〈· · · 〉coll ͸িಥස౓Λྀߟ
ͨ͠౷ܭฏۉͰ͋Δɽγ(n)ͷղੳʹΑΓɼτϨʔαʔͷ଎౓ͷෛ

૬ؔ͸ɼ1 ճͷিಥͰ͸ͳ͘ɼ3 ճҎ্ͷিಥΛͯܦಉҰͷཧ૝

ग़ͨ͠ɽݟҼ͢Δ͜ͱΛىʹͱিಥ͢Δ͜ͱࢠମཻؾ

1.3 Ұճͷিಥɹ̏ܥݩ࣍ʹ͓͍ͯɼҰճͷিಥͰ͍ܰτϨʔ

αʔͷ଎౓ʹෛ૬͕ؔੜ͡ͳ͍݁Ռ͸௚ײͱͣΕ͍ͯΔɽฏߧঢ়

ଶͰ͸ཻࢠͷฏۉͷ଎͞͸࣭ྔͷ 1/2৐ʹ൓ൺྫ͢ΔͨΊʹɼܰ

͍τϨʔαʔ͸ߴ଎Ͱӡಈͯ͠ཧ૝ؾମཻࢠͱਐ͔޲ํߦΒিಥ

͢Δස౓͕૿Ճ͢Δɽ·ͨɼ͍ܰτϨʔαʔ͸ҰճͷিಥͰ༰қ

ʹਐ͕޲ํߦมΘΔɽ݁Ռͱͯ͠ɼҰճͷিಥͰτϨʔαʔͷ଎

౓ͷෛ૬͕ؔੜ͡Δͱ҆௚ʹ͸ظ଴͖ͯΔ͕ɼγϛϡϨʔγϣϯ

݁Ռͱ͸৯͍ҧ͏ɽຊൃදͰ͸ɼγ(1)͕̏ݩ࣍ͰෛʹͳΒͳ͍ݪ

ҼΛ೚ҙݩ࣍ͷղੳΛҎͬͯࣔ͢ɽ

2.1 γϛϡϨʔγϣϯͷํ๏ɹपڥظքΛ՝ͨ͠ N ͷϘοݩ࣍

Ϋεதʹɼ࣭ྔMɾαΠζ σ ͷτϨʔαʔΛ̍ͭͱ࣭ྔ mɾα

Πζ 0 ͷཧ૝ؾମ෼ࢠ 10 ສݸΛಋೖ͠ɼ߶ମγϛϡϨʔγϣϯ

Λ࣮ͨ͠ࢪɽཧ૝ؾମͷ਺ີ౓͸ ρͰ֤ࣗ༝౓͝ͱͷฏۉΤωϧ

Ϊʔ͸ kBT Ͱ͋Δɽ͜͜Ͱɼσ,m, kBT ʹΑͬͯແݩ࣍Խ͢Δ

ͱύϥϝʔλ͸N,M∗, ρ∗ ͷ 3ͭʹͳΔɽτϨʔαʔͱཧ૝ؾମ

ͷ૬࡞ޓ༻͸߶ମతͰɼিಥ࣌ʹ଎౓͕ॠ࣌ʹೖΕସΘΔɽҰํ

Ͱɼཧ૝ؾମಉ࢜͸૬࡞ޓ༻͠ͳ͍ɽ

2.2 γϛϡϨʔγϣϯͷ݁Ռɹ 1, 2, 3, 4 Δ͚͓ʹݩ࣍ γ(1) ͷ

M∗ ґଘੑΛਤ 1 ʹγϯϘϧͰࣔͨ͠ɽρ∗ = 0.01 ͱ͕ͨ͠ɼ

γ(1) ͸ ρ∗ ʹґଘ͠ͳ͍͜ͱΛ֬ೝ͍ͯ͠ΔɽM∗ # 1 ͷ৔߹

ʹɼγ(1) ͸ N ʹΑΒͣʹ 1 ʹ઴ۙ͢Δ͜ͱ͕෼͔Δɽ·ͨɼ

M∗ $ 1ͷ৔߹ʹ͸ɼγ(1)͸ Ͱݩ࣍1 −1ʹͳΓɼݩ࣍ͷ૿େͱ

ͱ΋ʹ૿Ճ͠ ෛ͔Βਖ਼ʹ੾ΓସΘΔ͜ͱ͕෼͔ΔɽʹڥΛݩ࣍3

3.1 γ(1)ͷཧ࿦ղੳɹཧ૝ؾମཻࢠͱҰճিಥ͢ΔͱτϨʔαʔ

ͷ଎౓͸࣍ͷΑ͏ʹมԽ͢Δɽ

V1 = V0 +
2

1 +M∗ (v0 − V0) · r̂r̂ (2)

v0 ͸িಥ͢Δཧ૝ؾମཻࢠͷ଎౓ɼr̂ ͸িಥ࣌ͷτϨʔαʔͱཧ

૝ؾମཻࢠͷத৺ؒͷ୯ҐϕΫτϧͰ͋ΔɽV0,v0, r̂ Ͱিಥ͢Δ

֬཰ີ౓ P (V0,v0, r̂)͸িಥස౓Λྀࣜ࣍ͯ͠ߟͰද͞ΕΔɽ

P (V0,v0, r̂) = N|V0 − v0|PB(M,V0)PB(m,v0)Pd(r̂) (3)

PB(M,V0) ͸ϘϧπϚϯ෼෍ɼPd(r̂) ͸ r̂ ͷ֬཰ີ౓ɼN ͸ن
֨ԽҼࢠͰ͋Δɽγ(1) ͸ɼV1 ͱ V0 ͷ಺ੵʹ P (V0,v0, r̂) Λ৐

ͯ͡౷ܭฏۉΛͱΔ͜ͱͰ࣍ͷΑ͏ʹಘΒΕͨɽ

γ(1) =

∫
dV0

∫
dv0

∫
dr̂P (V0,v0, r̂)V1 · V0∫

dV0

∫
dv0

∫
dr̂P (V0,v0, r̂)V 2

0

=
NM∗ + (N − 3)
NM∗ + (N + 1)

(4)

ಘΒΕͨ γ(1)ͷM ґଘੑΛ 1, 2, 3, 4, ରͯ͠ਤʹݩ࣍10 1ʹ࣮

ઢͰϓϩοτͨ͠ɽཧ࿦͸γϛϡϨʔγϣϯΛྑͨ͠ݱ࠶ʹ޷ɽ

3.2 M∗ $ 1ͷ৔߹ͷ࡯ߟɹ͞ΒʹɼM∗ $ 1ͷ৔߹ɼγ(1)ͷ

ґଘੑ͸ݩ࣍ r̂ ͷݩ࣍ґଘੑͷΈΛ൓ө͍ͯ͠Δ͜ͱ͕෼͔ͬ

ͨɽ͢ͳΘͪɼݩ࣍ͷ૿େʹ൐͍ɼཱིΊΔΑ͏ͳিಥͷස౓͕૿

Ճ͢Δ͜ͱʹΑΓҰճͷিಥͰ଎౓ͷෛ૬͕ؔੜ͡ʹ͘͘ͳΔɽ

ཚ͢Δࢄʹ޲ํٯཚ͢Δׂ߹ͱࢄʹ޲ํߦͰ͸ɼཱིΊͯਐݩ࣍̏

ׂ߹͕౳͘͠ͳΔͨΊʹ γ(1) & 0ʹͳΔɽ

4 ݁࿦ɹ 3 Ͱݩ࣍ γ(1) ͕ෛʹͳΒͳ͍ཁҼ͸ཱིΊΔিಥͷد༩

ʹґΔɽ

Fig.1 M dependences of γ(1) in various spatial di-

mensions. Symbols and curves represent simulation

and theoretical results.
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背
景
：
流
体
中
の
粒
子
（
ト
レ
ー
サ
ー
）
の
短
時
間
運
動
の
複
雑
さ

ラ
ン
ジ
ュ
バ
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方
程
式
に
よ
る
粒
子
運
動
の
記
述

m
· V(
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=

−
ηV

(t)
+

W
(t)

：
ト
レ
ー
サ
ー
質
量
　
：
速
度
　
 

：
粘
性
抵
抗
　
：
ガ
ウ
シ
ア
ンノ
イ
ズ

m
V

η
W

は
分
子
衝
突
が
数
回
程
度
の
時
間
領
域
で
非
ガ
ウ
シ
ア
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→
ラ
ン
ジ
ュ
バ
ン
方
程
式
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短
時
間
領
域
で
使
え
な
い
[1
-2
]

W

運
動
の
相
関

構
造
の
相
関

ま
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簡
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影
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u ĝ r
：
マ
ク
ス
ウ
ェ
ル
分
布
 

：
衝
突
角
度
分
布

P t
(V

t),
P g

(v
g)

P d
(

̂ r)

7 
考
察
：

領
域
の
衝
突
角
度
に
着
目
し
た
理
論
解
析

M
<

<
1

ϕ 1

次
元
に
よ
ら
ず
 

で
正
 

高
角
側
で
掠
る

ϕ 1
>

π/
4

衝
突
角
度
の
確
率
密
度

lim M
→

0γ 1
=

lim M
→

0
∫ d

̂ r∫
d

V t
∫ d

u g
P d

(
̂ r)
P t

(V
t)

P g
(u

g)
| V

t−
u g

|

∫ d
̂ r∫

d
V t

∫ d
u g

P d
(

̂ r)
P t

(V
t)

P g
(u

g)
| V

t−
u g

|V t
⋅V

′ t
V

2 t
=

∫P
̂ r(

̂ r)
d

̂ r(1
−

2c
os

2 ϕ
1)

=
∫(N

−
1)

co
sϕ

1s
in

N−
2 ϕ

1d
ϕ 1

(1
−

2c
os

2 ϕ
1)

-1
.0

-0
.50.
0

0.
5

1.
0

Vt·Vt'/V2
t

1.
57
0

0.
78
5

0.
00
0

衝
突
角
度
φ 1

衝
突
前
後
の
速
度
の
内
積

V t
ϕ 1

次
元
の
増
大
に
 

伴
い
高
角
側
の
 

衝
突
が
増
加

1.
5

1.
0

0.
5

0.
0

P(φ1)

1.
57

0
0.

78
5

0.
00

0

衝
突
角
度
φ 1

次
元  2

D
 3

D
 4

D
 1

0D

   
 0

   
   

   
   

   
   

   
 

   
   

   
   

   
   

 
π

/4
π

/2
   

 0
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

π
/4

π
/2

8 
結
論
：
掠
る
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突
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与
で
３
次
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以
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で
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な
る
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次
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掠
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衝
突
の
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が
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加
 

→
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次
元
以
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正
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ー
の
１
回
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解
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